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Notes on Ponomarev-systems 

Nguyen Van Dung 

Mathematics Faculty, Dongthap University, 783 Pham Huu Lau, Ward 6, Caolanh City, 

Dongthap Province, Vietnam 
E-mail : nguyendungtc® yahoo . com 

Abstract Let (f,M,X,V) be a Ponomarev-system. We prove that / is a sequence-covering 
(resp., pseudo-sequence-covering, subsequence-covering) map iff V is a strong cs-network 
(resp., strong cs*-network, pseudo-strong cs*-network) for X. Moreover, “subsequence- 
covering” can be replaced by “sequentially-quotient” , and “pseudo-strong cs*-network” can 
be replaced by “pseudo-strong cs-network”. As applications of these results, we get many 
well-known results on images of metric spaces and more. 

Keywords compact map, s-map, cs-map, strong s-map, sequence- covering map, pseudo- 
sequence-covering map, sequentially-quotient map, subsequence-covering map, Ponomarev- 
system 



§1. Introduction 

Spaces with point-countable c/p-networks (resp., point-countable cs-networks, point-coun- 
table cs*-networks) can be characterized as s-images of a metric space M under a covering-map 
/, and many results have been proved ([1], [10], [11], [14]). Recently, some authors have tried 
to generalize these results ([5], [12], [15]). In [5], Y. Ge and J. Siren have obtained the following. 

Theorem 1.1. ([5], Theorem 2.1) Let be a Ponomarev-system, then / is a 

compact-covering map iff V is a strong /c-network for X. 

Take Theorem 1.1 into account, and note that compact-covering maps, sequence-covering 
maps, pseudo-sequence-covering maps, subsequence-covering maps and sequentially-quotient 
maps have a closed relation ([3], [4], [14]), the following question naturally arises. 

Question 1.2. Let (f,M,X,V) be a Ponomarev-system. What is the necessary and 
sufficient condition such that / is a sequence-covering (pseudo-sequence-covering, subsequence- 
covering, sequentially-quotient) map? 

In this paper, we introduce definitions of strong cs-network, strong cs*-network, pseudo- 
strong cs-network and pseudo-strong cs*-network as modifications of strong /c-network in [5] to 
give necessary and sufficient conditions such that / is sequence-covering (resp., pseudo-sequence- 
covering, subsequence-covering, sequentially-quotient) where (/, M, X,V) is a Ponomarev-syste- 
m. As applications of these results, we get many well-known results on images of metric spaces 
and more. 

Throughout this paper, all spaces are assumed to be regular and Xi, all maps are assumed 
continuous and onto, N denotes the set of all natural numbers, u> denotes NU{0} and convergent 
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sequence includes its limit point. Let / : X — > Y be a map and V be a collection of subsets of 
X, we denote [j V = U{^ -P&V} and f(V) = { f{P ) :P £V}. 

Definition 1 . 3 . Let A be a subset of a space X and V be a collection of subsets of X. 

(1) V is a network at a; in X, if x £ P for every P £ V and whenever x £ U with U open 
in X, then x £ P C U for some P £ V. 

(2) V is a network for X , if whenever x £ U with U open in X , then x £ P C U for some 

Per. 

(3) V is a, £;-network for X, if whenever K C U with K compact and U open in X, then 
K C U T C U for some finite T C V. 

(4) V is a, cfp- cover for A in X, if V is a cover for A in X such that it can be precisely 
refined by some finite cover consisting of closed subsets of A. 

(5) V is a c/p-network for A in X, if whenever I\ is a compact subset of A and I\ C U 
with U open in X, there exists a subfamily T of V such that T is a c/p- cover for K in A and 
(J T C U. A such V in [5] is called to have property cc for A. 

(6) V is a strong fc-network for X, if whenever K is a compact subset of X, there exists a 
countable subfamily Vk of V such that Vk is a cfp- network for K in X. Note that there is a 
different definition of strong fc-network in [1], 

(7) V is a cs-network for A in X, if whenever S' is a convergent sequence in A converging 
to x £ A (~l U with U open in X, then S is eventually in P C 17 for some P £ V. 

(8) V is a cs*-network for A in X, if whenever S is a convergent sequence converging to 
x £ A (~l U with U open in X, then S is frequently in P C U for some PeP. 

(9) V is compact-countable, if {P £ V : K fl P 0} is countable for each compact subset 
K of X. 

(10) V is point-finite, if {P £ V : x £ P} is finite for each point x £ X. 

(11) V is locally finite, if for each point x £ X, there is a neighborhood U of X such that 
U meets only finitely many members of V . 

(12) V is cr-locally finite, if V = [J{V n :neN} where each V n is a locally finite collection. 

(13) V is point-countable, if {P £ V : x £ P} is countable for each point x £ X. Note 
that every point-finite (locally countable, compact-countable) collection is a point-countable 
collection. 

(14) If A = X, then a cs-network (resp., cs*-network, cfp- cover, c/p-network) for A in X 
is called a cs-network (resp., cs*-network, c/p- cover, c/p- network) for X (see [5], [12]). 

Definition 1 . 4 . Let / : X — > Y be a map. 

(1) / is a compact-covering map, if each compact subset of Y is the image of some compact 
subset of X'. 

(2) / is an s-map, if whenever y £ Y, then f~ 1 (y) is a separable subset of X. 

(3) / is a strong s-map, if for each y £ Y, there exists a neighborhood V of y in Y such 
that f~ 1 {V) is a separable subset of X. 

(4) / is a cs-map, if whenever K is a compact subset of Y , then / -1 (/v) is a separable 
subset of X'. 

(5) / is a compact map, if whenever y £ Y, then f~ 1 (y) is a compact subset of X. 
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(6) / is a <7- map, if there is a base B for X such that /(£>) is a cr-locally finite collection of 
subsets of Y. 

(7) / is a sequence-covering map, if each convergent sequence in Y is the image of some 
convergent sequence in X. 

(8) / is a pseudo-sequence-covering map, if each convergent sequence in Y is the image of 
some compact subset of X. 

(9) / is a sequentially-quotient map, if for each convergent sequence S in Y, there is a 
convergent sequence L in X such that f(L) is a subsequence of S. 

(10) / is a subsequence-covering map, if for each convergent sequence S in Y, there is a 
compact subset K of X such that f(K) is a subsequence of S. 

Definition 1 . 5 . [14] Let X be a space. 

(1) X is an H 0 -space, if X has a countable cs-network. Note that “cs-” can be replaced by 
“fc-” or “cs*-”. 

(2) X is an H-space, if X has a cr-locally finite cs-network. Note that “cs-” can be replaced 
by or “cs*-”. 

(3) X is a Frechet space, if whenever x £ A with A C X, then there is a sequence in A 
converging to x. 

(4) A' is a sequential space, if whenever A is a non closed subset of X , then there is a 
sequence in A converging to a point not in A. 

Definition 1 . 6 . [5] Let V be a network for a space X. Assume that V is closed under 
finite intersections, and there exists a countable subfamily V x of V such that V x is a network 
at x in X for every x £ X. Put V = {P /3 : (3 £ T}. For every n £ N, put T n = T and endowed 
r n with the discrete topology. Put 

M = {& = (/3„) e n r„ : {Pp n '■ n £ N} forms a network at some point x b £ a|. 

new 

Then M, which is a subspace of the product space r n , is a metric space and xt, is 
unique for every b £ M. Moreover ccj, = Pp n . Define f : M — > X by f(b) = Xb, then / is a 

nEN 

map and (f,M,X,V) is called a Ponomarev-system. 

Remark 1.7. If V is a point-countable network for X , then V x = {P £ V : x £ P} C V 
is a countable network at x in X for every x £ X. It implies that the Ponomarev-system 
(/, M, X , V) exists. 

For terms which are not defined here, please refer to [2] and [14] 



§2. Results 

In the following, (/, M, A, V) denotes a Ponomarev-system where / and M are defined in 
Definition 1.6. 

Firstly we introduce some definitions. 

Definition 2.1. Let V be a cs-network for a convergent sequence S in X where S C U 
with U open in A, then a subfamily T of V has property cs(S , U) if it satisfies the following. 
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(1) F is finite, 

(2) 0 ^ F D S C F C U for every F £ F, 

(3) If x £ S, then there is a unique F £ F such that x £ P, 

(4) If F £ F contains the limit point of S , then S — F is finite. 

The following lemma proves that a family having property cs(S,U) exists. 

Lemma 2.2. If V is a cs- network for a convergent sequence S in X where S C U with U 
open in X, then there is a subfamily T of V such that F has property cs(S , U). 

Proof. Let S = {x m : m £ w} converging to xq £ X. Since V is a cs-network for S 
in X , there is P 0 £ V such that S is eventually in P 0 and P 0 C U. Because S — U is finite, 
S—U = {x mi : i = 1, ■ ■ • , k} for some k £ N. For every i £ {1, ■ • • , k}, note that U— (S— {x mi }) 
is an open neighborhood of x mi in X, so there is Pi £ V such that x mi £ Pi C U — (S — {x mi }). 
Put T = {Pi : i = 0, • • • , k}, then T satisfies required conditions. 

Definition 2.3. Let V be a cs*-network for a convergent sequence S in X where S C U 
with U open in X , then a subfamily T of V has property cs*(S, U ) if it satisfies the following. 

(1) F is finite, 

(2) 0 ^ F D S C F C U for every F £ F, 

(3) If x £ S, then there is some F £ F such that x £ F, 

(4) F (1 S is closed for every F £ F. 

The following lemma proves that a family having property cs*(S, U), if V is point-countable. 
Lemma 2.4. If V is a point-countable cs*-network for a convergent sequence S in X 
where S C U with U open in X , then there is a subfamily F of V such that F has property 
cs*(S , U). 

Proof. Let S = {x n : n £ lo} converging to £ 0 £ X. Since V is point-countable cs*- 
network for S in A', {P £ V : xq £ P C U} is non-empty and countable. Put {P £ V : Xq £ 

n 0 

P C U} = {Pi : i £ N}. We shall show that there exists an n 0 £ N such that x n £ [J Pi for all 

2—1 

but finitely many n £ N. If not, we can choose a subsequence {x Uk : k £ N} of {x n : n £ N} as 
follows. 

x ni £ (S - Pi) n P ni for some P ni £ P, 

n k -i 

U Pi) D P nk for some P nk £ P, for all k > 1. 

»= l 

So each Pj only includes finitely many elements of {x nk : k £ N}. But P is a cs*-network for S in 
X, then there is P £ V such that {xo}U{x nk : k £ N} is frequently in P. Thus P = P m for some 
m £ N. Hence P m includes infinitely many elements of {x nk : k £ N}, a contradiction. Then we 

n 0 

can put S' — VJ Pi = {x ni : i = 1, • • • , k} for some k £ N. For each i £ {1, • • • , k} there is Fi £ V 
2=1 

such that x ni £ Fi C (U — (5 — {x ni })). Put F = {P, : i = 1, ■ ■ ■ , k} U {Pi : i = 1, ■ ■ ■ , no}, 
then F satisfies required conditions. 

The following notions are modifications of the strong fc-network in [5] . 

Definition 2.5. Let P be a collection of subsets of a space X. 

(1) P is a strong cs-network for X , if whenever S' is a convergent sequence in X, then there 
exists a countable subfamily Vs of P such that Vs is a cs-network for S in X. 
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(2) V is a strong cs*-network for X, if whenever S' is a convergent sequence in X , then 
there exists a countable subfamily Vs of V such that Vs is a cs*-network for S in X. 

(3) V is a pseudo-strong cs-network for X, if whenever S is a convergent sequence in X, 
then there exists a countable subfamily Vs of V such that Vs is a cs-network in X for some 
convergent subsequence T of S. 

(4) V is a, pseudo-strong cs*-network for A', if whenever S is a convergent sequence in X, 
then there exists a countable subfamily Vs of V such that Vs is a cs*-network in A' for some 
convergent subsequence T of S. 

Remark 2.6. We have following implications from the above definitions. 

(1) Strong cs-network => cs-network. 

(2) Strong cs-network =>■ strong cs*-network (pseudo-strong cs-network) =>■ pseudo-strong 
cs*-network => cs*-network. 

The following example proves that some inverse implications in Remark 2.6 do not hold. 

Example 2.7. There exists a Ponomarev-system (/, M, A', V) such that V is a cs-network 
for X 7 but V is not a strong cs-network for X. 

Proof. Let X be the sequential fan space S w [8], then X has not any countable base at 
x 0 , where x 0 is the non-isolated point in X. Put V = {U C X : U is open in X} U {{x 0 }}, 
then V is a network for X, and there exists a countable subfamily V x of V such that V x is a 
network at x in X for every x £ X. Therefore the Ponomarev-system (/, M, X, V) exists. 

Since V contains a base of A', V is a cs-network for X. We shall prove that V is not a 
strong cs-network for X. Let S’ be a non-trivial convergent sequence converging to Xo. If V 
is a strong cs-network for X, there exists a countable subfamily Vs of V such that Vs is a 
cs-network for S in X. Note that every element of Vs — {{a-’o}} is open in X and Vs — { {rco} } 
is a countable network at Xq in X. Therefore Vs — {{*o}} is a countable neighborhood base at 
x 0 in X. This contradicts that X has not any countable neighborhood base at Xq. It implies 
that V is not a strong cs-network for X. 

Remark 2.8. Similarly, we get that there exists a Ponomarev-system (f,M,X,V) such 
that V is a cs*-network for X, but V is not a pseudo-strong cs*-network for X where X and 
V are the same in example 2.7. Moreover V is not neither a pseudo-strong cs-network for X 
nor a strong cs*-network for X by remark 2.6. But we don’t know whether remaining inverse 
implications in remark 2.6 do not hold. 

The following lemma establishes a equivalent condition between a strong cs-network and 
a cs-network. 

Lemma 2.9. If V is a point-countable family consisting of subsets of a space X, then the 
following are equivalent. 

(1) V is a strong cs-network for X, 

(2) V is a cs-network for X. 

Proof. (1) => (2). By Remark 2.6. 

(2) =>■ (1). Let S' be a convergent sequence in X. Since V is point-countable, then Vs = 
{P £ V : P (~1 S ^ 0} is countable. Obviously Vs is a cs-network for S in X. It implies that V 
is a strong cs-network for X. 

Moreover we get that. 
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Lemma 2.10. Let V be a point-countable cs-network for X. If each compact subset of X 
is first-countable, then V is a cfp- network for X. 

Proof. Let K be a compact subset of X and K C U with U open in X. It follows from 
Lemma 1.2 in [9] that there are P X ,Q X G V such that x G int k{Qx D K) C G x C cl kG x C 
int k{P x n A') C P x C U with some G x open in K for every x G K. Since K is compact, there is 
a finite subset F of K such that {G x : x G F} covers K. Then T = {P x : x G F} is a cfp- cover 
for K in X with (J T C U. It implies that V is a cfp- network for X. 

We also have a equivalent condition for a strong cs*-network, pseudo-strong cs*-network 
and a cs*-network as follows. 

Lemma 2.11. If a family V is a point-countable family consisting of subsets of a space 
X , then the following are equivalent. 

(1) V is a strong cs*-network for X , 

(2) V is a pseudo-strong cs*-network for X, 

(3) V is a cs*-network for X. 

Proof. (1) =>■ (2) => (3). By Remark 2.6. 

(3) => (1). Let S' be a convergent sequence in X. Since V is point-countable, then Vs = 
{P G V : P fl S 0} is countable. Obviously Vs is a cs*-network for S in X. It implies that 
V is a strong cs*-network for X. 

Regarding the relations between covering-maps we have the following. 

Lemma 2.12. {[3], Remark 1.8} Let / : X — > Y be a map. 

(1) If / is quotient and X is sequential, then / is sequentially-quotient. 

(2) If Y is sequential and / is sequentially-quotient, then / is quotient. 

Lemma 2.13. {[4], Remark 5} Let / : X — > Y be a map. 

(1) If / is compact-covering or sequence-covering, then / is pseudo-sequence-covering. 

(2) If / is pseudo-sequence-covering or sequentially-quotient, then / is subsequence-covering. 

Moreover we get that. 

Lemma 2.14. Let / : X — + Y be a map. If X is sequential and / is subsequence-covering, 
then / is sequentially-quotient. 

Proof. Let S be a convergent sequence converging to a point y G Y. Since / is 
subsequence-covering, there is a compact subset K in X such that f(K) is a convergent subse- 
quence of S. Put f(K) = {y}i->{y n : n G N} where {y n : n G N} converges to y. For each n G N 
pick x n G f~ 1 (y n )CiK, then {x n : n G N} C K. Note that K is a compact subset in a sequential 
space, K is sequentially compact. So there is a convergent subsequence {cc} U {x nk : k G N} of 
{cc} U {x n : n G N} that converges to x G f~ 1 {y)- Then {y} U {f{x nk ) : k G N} is a convergent 
subsequence of {y}Li{y n : n G N}. Therefore {y}U{/(x nfe ) : k G N} is a convergent subsequence 
of S. This proves that / is sequentially-quotient. 

Now we establish a relation between covers and map in a ponomarevsystem. 

Lemma 2.15. Let (f,M,X,V) be a Ponomarev-system, then the following hold. 

(1) / is a compact map iff V is point-finite. 

(2) / is an s-map iff V is point-countable. 

(3) / is a cs-map iff V is compact-countable. 

(4) / is a strong s-map iff V is locally countable. 
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Proof. (1) and (2). By Proposition 2.1 in [5]. 

(3) Necessary. Conversely, if V is not compact-countable, then there exists some compact 
subset I\ of X such that A = {/3 £ T : PpHK 0} is uncountable. Let x £ I\ and {Pp n : n £ N} 
is a network at x in X. For every f3 £ A put cp = ("f n ) where 71 = /? and 7„ = /3„_i for n > 1. 
Then {P 7n : n £ N} is a network at x, so cp £ / -1 (A'). Put Up = {c = (y n ) £ M : j 1 = /3} 
for every /3 £ A. We shall prove that {Up : [3 £ A} is an open cover for /” 1 ( A') in M. Note 
that every Up is open and non-empty, and if c = (7„) £ / -1 (/v), then {P ln : n £ N} C V is 
a network at /(c) £ K. It implies that P 7l fl K ^ l. Then 71 = (3 for some /3 £ A. Hence 
{Up : [3 £ A} is an open cover for / _1 (iv) in M. Since / is a cs-map, / -1 (A') is separable in 
M. Then {Up : (3 £ A} has a countable subcover. It is a contradiction because Up fl U 1 = 0 
whenever (3 ^ 7. 

Sufficiency. Let I\ be a compact subset of X. Since V is compact-countable, A„ = {/3 £ 
T n : Pp n I< ^ 0} is countable for every n £ N. Then / -1 (/i) C A„. Since A n is a 

ra£N ra£N 

hereditarily separable space, it implies that is separable in M, i.e, / is a cs-map. 

(4) It is similar to the proof of (3) . 

From Theorem 2.1 in [5] (see Theorem 1.1) the authors have obtained the following. 

Corollary 2.16. {[5], Proposition 3.1} Let (/, M, X,V) be a Ponomarev-system, then the 
following are equivalent. 

(1) / is a compact-covering s-map, 

(2) V is a point-countable strong fc-network, 

(3) V is a point-countable cfp- network. 

Note that “s-” and “point-countable” in Corollary 2.16 can be replaced by “compact” and 
“point-finite” respectively ([5], Remark 3.1.) Using Lemma 2.15 we get that “s-” and “point- 
countable” in Corollary 2.16 can be also replaced by “cs-” and “compact-countable”, or “strong 
s-” and “locally countable” respectively. Moreover, the following holds. 

Corollary 2.17. {[12], Corollary 8} The following are equivalent for a space X. 

(1) X is a compact-covering s-image of a metric space, 

(2) X has a point-countable cfp- network. 

Proof. (1) => (2). Let / : M — > X be a compact-covering s-map from a metric space M 
onto X. Since M is metric, M has a cr-locally finite base B. Then f(B) is a point-countable 
cfp- network for X. 

(2) => (1). Let V be a point-countable cfp- network for X. It follows from Remark 1.7 that 
the Ponomarev-system (f,M,X,V) exists. Then / is a compact-covering s-map by Corollary 
2.16. It implies that X is a compact-covering s-image of a metric space. 

Next we give a technical lemma which plays an important role in the following parts. 

Lemma 2.18. Let (/, M, X, V) be a Ponomarev-system, b = (/3 n ) £ M where {Pp n : n £ 
N} is a network at some Xb £ X and 

U n = {c= (7 i) £ M : 7, = Pi for all i < n}, 

for every n £ N. Then we have. 

(1) {U n : n £ N} is a base at b in M. 
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(2) /([/„) = n Pf 3 i for every n G N. 

2=1 

Proof. (1). By definition of the product topology of a countable family consisting of 
discrete spaces. 

(2). For each n G N, let x G f{U n ). Then x = /(c) for some c = (7$) G U n . It implies that 

n n n 

x = n p-n c n p 7, = n p Le ’ c n 

iEN 2=1 2=1 2=1 

n 

Conversely, let x G P Pp, . Then x = /(c) with c = (7*) G M. Note that for each i G N 
2=1 

there exists some 0 n +i G T n+ i such that d n +i = 7 j. Put d = (Op with 6*^ = /?* for all i ^ n. 

n 

Then we get d G U n and /(d) = x. It implies that n P Pi C /([/„)• 

2=1 

n 

By the above we get f(U n ) = 

2=1 

Now we give a necessary and sufficient condition such that / is a sequence-covering map. 
Theorem 2.19. Let (f,M,X,V) be a Ponomarev-system, then the following are equiva- 
lent. 

(1) / is a sequence-covering map, 

(2) V is a strong cs-network for X. 

Proof. (1) =>(2). Let S be a convergent sequence in X, we shall prove that there is 
a countable subfamily Vs of V such that Vs is a cs-network for S in X. Indeed, since / 
is sequence-covering, there exists a convergent sequence C in M such that S = f{C). Put 
A = 1J { Pn (C) : n G N}, where every p n : Tj — > T„ is a projection, then A is countable. Let 

ieN 

Vs = { P| P/3 : A C A, A is finite}. 

/3eA 

Since V is closed under finite intersections, Vs is a countable subfamily of V. It suffices to 
show that Vs is a cs-network for S in X. Let L be a convergent sequence in S converging to 
x G U with U open in X. Since / is sequence-covering, there exists a convergent subsequence 
T of C in M such that f{T) = L. We get that T converges to some b G f~ 1 {x) C / -1 (f 7). Let 
b = (p n ). For each n G N put 

U n = {c = (7 i) G M : 7i = Pi for all i < n}. 

It follows from Lemma 2.18 that {U n : n G N} is a base at b in M. Since T converges to 
b G f~ l (U ) which is open in M, T is eventually in some U n with U n C f~ 1 ( U). Therefore L is 

n n 

eventually in f(U n ) C U . Since f(U n ) = P Pp i by Lemma 2.18 and P Pp t is an element of 

2=1 2 = 1 

Vs, we get that Vs is a cs-network for S in X. 

(2) => (1). Let S = { x m : m G w} be a convergent sequence in X converging to x 0 . We 
shall prove that S = f(C) for some convergent sequence C in M. Assume that all a; m ’s are 
distinct. Since V is a strong cs-network for X , there exists a countable subfamily Vs of V such 
that Vs is a cs-network for S. It follows from Lemma 2.2 that there exists a subfamily T of Vs 
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such that T has property cs(S, X). Since Vs is countable, {F cVs'-F has property cs(S , X)} 
is countable by finiteness of F. Put 

{F CV:F has property cs(S , X)} = {F n : n € N}, 

and put F n = {Pp : {3 £ A,,} for every n £ N where A n is a finite subset of P n . For every 
m £ to and n £ N, since F n has property cs(S,X), there is a unique (3 n , m £ A„ such that 
Xm £ Ppn,m £ V n . Put b m = ({3n,m) £ n A tj and C — | bm, * to £ oj } . we shall prove that C is 

a convergent sequence in M and /(C) = S. 

To show CcM and /(C) = S it suffices to prove that {Pp n m : n £ N} is a network in X 
at x m for every m £ lo. Indeed, let U be an open neighborhood of x m in X. We consider two 
following cases. 

(a) x m = x 0 . 

We get that U fl S is a convergent sequence in X and (5 fl 17) C U . It follows from 
Lemma 2.2 that there is a subfamily F of Vs such that F to have property cs(S nU,U). Since 
S — (S fl U) is finite, put S — (S' fl U) = {x mi : i = 1, ■ • • , /}. For every i £ {1, . . . , l}, note 
that X — (S — {x mi }) is an open neighborhood of x mi in X, so there is Pi £ Vs such that 
x mi £ Pi C X — (S— {x mi }). It is easy to see that 1FU {Pi : i = 1, • • • ,1} has property cs(S, X). 
So there is k £ N such that V U {Pi : i = 1, • • • ,/} = Vk- Thus xo £ Pp k 0 £ Tk- Note that 
Pp k must be an element of T which has property cs(S fl U,U). It implies that Xo £ Pf 3 kt0 C U. 

(b) x m ^ xo- 

We get that S — {x m } is a convergent sequence in X and S — { x m } C X — {x m } with 

X — {x m } open. It follows from Lemma 2.2 that there exists a subfamily T of Vs such that 

T has property cs(S — {x m }, X — {x m }). Note that U — (S — {x m }) is an open neighborhood 
of x m , so there exists P m £ Vs such that x m £ P m C U — (S — {x m }). It is easy to see 
that VI) {P m } has property cs(S, X). Hence there is k £ N such that T U {P m } = Vk, then 
Xm £ ktTn = Pm C U . 

By the above we get that x m £ Pp k<m C U for every m £ u. Then {Pp n m : n £ N} is a 
network in X' at x m for every m £ u>. It implies that C C M and /(C) = S. To complete 

the proof we shall prove that C = {b m : m £ u>} converging to bo. For every k £ N there is 

a unique {3k , o £ A k such that Xq £ Pp k 0 £ Vk- Since Vk has property cs(S, X), S — Pp k 0 is 
finite. So there is to*, £ N such that x m £ P/3 k , 0 f° r every m > rtik ■ Note that x m £ Pf 3 k , m £ Pk- 
Thus (3k, m = {3k , o for every to > m,k ■ So {{3k, m '■ m £ u} converging to {3k , o as to — > oo. Hence 
C={6 m :TO£a;}isa convergent sequence in M converging to bo- It implies that S = /(C) 
with C being a convergent sequence in M , i.e, / is a sequence-covering map. 

By Theorem 2.19 we get nice characterizations of s-images of metric spaces which were 
obtained in [9] as follows. 

Corollary 2.20. {[9] Theorem 1.1} The following are equivalent for a space X. 

(1) X is a sequence-covering s-image of a metric space, 

(2) X has a point-countable cs-network. 

Proof. (1) => (2). Let / : M — > X be a sequence-covering s-map from a metric space M 
onto X. Since M is metric, M has a cr-locally finite base B. Then f(B) is a point-countable 
cs-network for X. 
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(2) =>■ (1). Let V be a point-countable cs-network for A. It follows from Remark 1.7 that 
the Ponomarev-system (/, M, A', P) exists. 

By Lemma 2.9, V is a strong cs-network for X. From Theorem 2.19 and Lemma 2.15 we 
get that / is a sequence-covering s-map. It implies that X is a sequence-covering s-image of a 
metric space. 

Corollary 2.21. {[9], Theorem 1.4} The following are equivalent for a space X. 

(1) X is a sequence-covering, compact-covering quotient s-image of a metric space, 

(2) X is a sequential space having a point-countable cs-network. 

Proof. (1) => (2). From Corollary 2.20, we only need to prove that X is sequential. It is 
clear because / is a quotient map from a metric space onto X. 

(2) =>■ (1). Let V be a point-countable cs-network for X. As in the proof of Corollary 2.20, 
then X is an image of a metric space M under a sequence-covering s-map / where (/, M, A, P) 
is a Ponomarev-system. It follows from Lemma 2.12, Lemma 2.13 and Lemma 2.14 that / is 
quotient. We shall prove that / is compact-covering by showing that P is a point-countable 
cfp - network for X. Let K be a compact subset of X. Since X is sequential, K is sequential 
compact. From Proposition 1.2 in [3], Vk = {P D K : P £ P} is a point-countable fc-network 
for K. It follows from Theorem 3.3 in [6] that K is metrizable. Then P is a point-countable 
c/p-network for X by Lemma 2.10. From Corollary 2.16, / is compact-covering. 

The following is routine. 

Corollary 2.22. The following are equivalent for a space X. 

(1) A is a sequence-covering, compact-covering pseudo-open s-image of a metric space, 

(2) A is a Frechet space having a point-countable cs-network. 

Moreover we get a mapping theorem on K-spaces which belongs to [7]. 

Corollary 2.23. {[7], Theorem 3} The following are equivalent for a space A. 

(1) A is an K-space, 

(2) A is a sequence-covering, compact-covering cr-image of a metric space, 

(3) A is a compact-covering cr-image of a metric space, 

(4) A is a sequence-covering cr-image of a metric space, 

(5) A is a pseudo-sequence-covering cr-image of a metric space, 

(6) A is a subsequence-covering cr-image of a metric space, 

(7) A is a sequentially-quotient cr-image of a metric space. 

Proof. (1) => (2). Since A is an K-space, A has a cr-locally finite cs-network Q = {J{Q n ■ 
n £ N} and a cr-locally finite fc-network 1Z = IJ{P.„ : n £ N} where every Q n and 7Z n is locally 
finite and every elements of Q and 1Z are closed. For each n £ N put P„ = Qn U lZ n , then 
V n is locally finite. Therefore A has a cr-locally finite cs- and fc-network P = |J{7 : ’„:nGN}. 
It follows from Remark 1.7 that the Ponomarev-system (/, M, X,V) exists. We shall prove 
that / is a sequence-covering and compact-covering cr-map. From Lemma 2.9, V is a strong 
cs-network for A. Hence / is a sequence-covering map by Theorem 2.19. Since V is a cr-locally 
finite closed fc-network, V is a cfp- network. Hence / is a compact-covering map by Corollary 
2.16. To complete the proof it suffices to show that / is a cr-map. For each b = (/3^) £ M where 
{P^b : n £ N} is a network at some Xb in A, put = {c = (7*) £ M : 7* = f5\ for all i ^ n}, 
for each n £ N and Bb = { U % : n £ N}. It follows from Lemma 2.18 that B = \J{Bb : b £ M} 
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is a base for M and f{U, %) = P Pgb. Since V is cr-locally finite, f(B) is a cr-locally finite. It 

i=l 

implies that / is a cr-map. 

(2) => (3), (2) => (4). Obviously. 

(3) => (5), (4) => (5), (5) => (6). From Lemma 2.13. 

(6) =7- (7). From Lemma 2.14. 

(7) => (1). Let / : M — > X be a sequentially-quotient cr-map from a metric space M onto 
X. Since / is a cr-map, M has a base B such that f(B) is a cr-locally finite collection of subsets 
of X. On the other hand / is sequentially-quotient, /(£>) is a cr-locally finite cs*-network for 
X. It implies that X is an K-space. 

Next we give a necessary and sufficient condition such that / is a pseudo-sequence-covering 
map. 

Theorem 2.24. Let (f,M,X,V) be a Ponomarev-system, then the following are equiva- 
lent. 

(1) / is a pseudo-sequence-covering map, 

(2) V is a strong cs*-network for X. 

Proof. (1) => (2). Let S' be a convergent sequence in X, we shall prove that there is 
a countable subfamily Vs of V such that Vs is a cs*-network for S in X. Indeed, since / is 
pseudo-sequence-covering, there exists a compact subset K in M such that S = f(K). Put 
A = U {Pn(K) : n € N}, where every p n : r„ — > T n is a projection, then A is countable. Let 

new 

Vs = { Pi P/3 : A C A, A is finite}. 

/3eA 

Since V is closed under finite intersections, Vs is a countable subfamily of V. We shall prove 
that Vs is a cs*-network for S in X. Let L be a convergent sequence in S converging to 
x G S D U with U open in X. As in the proof of Lemma 2.14, there exists a convergent 
subsequence T C K in M such that f(T) is a convergent subsequence of L. We get that T 
converges to b G f~ 1 {x) C / -1 (t/). Let b = (/?„). For each n £ N put 

U n = {c= (7 ,) G M : 7* = fa for all i < n}. 

It follows from Lemma 2.18 that {U n : n £ N} is a base at b in M. Since T converges to 
b G / -1 ( U) which is open in M , T is eventually in some U n with U n C / _1 (1 7). Therefore L 

n n 

is eventually in f(U n ) C U. From Lemma 2.18 f(U n ) = P Pg % , and moreover p Pg t is an 

i—1 i—1 

element of Vs, we get that Vs is a cs*-network for S in X. 

(2) => (1). Let S = {x m : m £ lu} be a convergent sequence in X converging to xq. We 
shall prove that S = f(K) for some compact subset K in M. Assume that all a; m ’s are distinct. 
Since V is a strong cs*-network for X , there exists a countable subfamily Vs of V such that Vs 
is a cs*-network for S. It follows from Lemma 2.4 that there exists a subfamily T of Vs such 
that T has property cs*(S,X). Since Vs is countable, {T CVs'-P has property cs*(S, X)} is 
countable by finiteness of T . Put 



{T C V : T has property cs*(S , X)} = {T n : n G N}, 
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and put T n = {P@ : (3 £ A„} for every n £ N where A n is a finite subset of r n . 

Put 

K={b= ( (3 n ) £ [] A » : H n 5) ^ 0}. 

rteN neN 

Then we have that. 

(a) K C M and f{K ) C S'. 

Let b = (/?„) £ K, then P (Pp n D S) ^ 0. Thus there is x m £ 5 such that £ P| Pp n . 

n£N n£N 

We shall prove that {Pp n : n £ N} is a network at x m in X. Indeed, let U be an any open 
neighborhood of x m in X. We consider two following cases. 

(i) x m = x 0 . 

We get that U D S is a convergent sequence in A' and (U fl S) C U. It follows from 
Lemma 2.4 that there exists a subfamily T of Vs such that T has property cs*(Ur\S, U). Since 
S — (U fl S) is finite, S — (U fl 5) = {x ni : i = 1, • • • , 1} for some l £ N. For every i = 1, • • • ,1, 
note that X — (S — ({a; Tli })) is an open neighborhood for x ni in X, there exists Pi £ Vs such 
that x ni £ Pi C (X — (S — {x ni })). It is easy to see that T U {Pi : i = 1, ... ,1} has property 
cs*(S,X). So there exists k £ N such that T U {Pi : i = 1, ... ,1} = Tk- Since Xq £ Pi for 
all i = 1 ,... ,1 and lo £ Pp k £ Tk. then Pp k £ T . Note that T has property cs*(S fl U, U), 
P/ 3 k C U. It implies that x m £ Pp k C U. 

(ii) x m ^ x 0 . 

We get that S — {x m } is a convergent sequence in X and S — {x m } C X — {x m } with 
X — {x m } open. It follows from Lemma 2.4 that there exists a subfamily T of Vs such that T 
has property cs* ( S — {x m }, X — { x m }) ■ Note that (U — (S — {a: TO })) is an open neighborhood 
of x m , so there exists P m £ Vs such that x m £ P m C (U — (S — {x TO })) C U. It is easy to see 
that T U {P m } has property cs*(S , A). So there exists k £ N such that T U {P m } = Tk- Since 
x m & F for every F £ T and x £ Pp k £ Tk, then x m £ Pp k = P m C U. 

From the above arguments (i) and (ii) we get that {Pp n : n £ N} is a net work at x m for 
every m £ to. It implies that b £ M and f(b) = x m £ S, i.e, K C M and f{K) C S. 

(b) 5 c f(K). 

Let x £ S. For every n £ N, pick (3 n £ A n such that x £ Pg n , then x £ n ( P /3n n 5) ^ 0. 

nGN 

Put b = {Pn), then b £ K. Using the argument in (a) we get x = f(b). It implies that S C f(K). 

(c) I< is a compact subset of M. 

Since K is a subset of PJ A„ and PJ A„ is a compact subset by finiteness of each A n , it 

new n£N 

suffices to prove that K is closed in PJ A n . Let b = {(3 n ) £ PJ A n — 1\ , then fl( p / 3 „n5) = 0. 

nSN n£ N neN 

Note that Pp n n 5 is closed by property cs*(S, A) of T n for every n £ N . Since S is compact 

n 0 

in X and n {Pp„ D S) = 0, P| (P/ 3 n n S) = 0 for some n 0 £ N. Put 

neN n=l 

W = {c = ( 7 „) £ P[ A n : 7 „ = )3 n if n < n 0 }, 

ne N 

then W is an open neighborhood of b in PJ A n with W fl K = 0. So A' is a closed subset of 

n£ N 
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A n . It implies that I\ is compact. 

nEN 

From (a), (b) and (c) we get that S = f(K ) with K compact in M. It implies that / is a 
pseudo-sequence-covering map. 

In the following part, we give a necessary and sufficient condition such that / is a subsequence- 
covering map or a sequentially-quotient map. 

Theorem 2 . 25 . Let (/, M, A, V) be a Ponomarev-system, then the following are equiva- 
lent. 

(1) / is a subsequence-covering map, 

(2) / is a sequentially-quotient map, 

(3) V is a, pseudo-strong cs-network for A, 

(4) V is a pseudo-strong cs*-network for X. 

Proof. (1) =>- (2). From Lemma 2.14. 

(2) => (3). Let S be a convergent sequence in X, we shall prove that there is a countable 
subfamily Vs of V such that Vs is a cs-network in X for some subsequence T of S. Indeed, 
since / is sequentially-quotient, there exists a convergent sequence C in M such that T = /(C) 
is a convergent subsequence of S. Put A = (J{p n (C ) : n € N}, where every p n : n r n > r n 

n(=N 

is a projection, then A is countable. Let 

Vs = { P| P/3 ■ A c A, A is finite}. 

/3eA 

Since V is closed under finite intersections, Vs is a countable subfamily of V. As in the proof 

(1) => (2) of Theorem 2.19 we get that Vs is a cs-network for T in X. It implies that V is a 
pseudo-strong cs-network for X. 

(3) =^(4). From Remark 2.6. 

(4) =>(1). Let S' be a convergent sequence in X , we shall prove that there is a compact 
subset K in M such that f(K) is a convergent subsequence of S. Indeed, since V is a pseudo- 
strong cs*-network for X, there exists a countable subfamily Vs of V such that Vs is a cs*- 
network in X for some convergent subsequence T of S. As in the proof (2) => (1) of Theorem 
2.24 we get that there is a compact subset K in M such that f(K) = T. It implies that / is a 
subsequence-covering map. 

By Theorem 2.24 and Theorem 2.25 we get a nice characterization of pseudo-sequence- 
covering (subsequence-covering, sequentially-quotient) s-images of metric spaces as follows. 

Corollary 2 . 26 . The following are equivalent for a space X. 

(1) A is a pseudo-sequence-covering s-image of a metric space, 

(2) X is a subsequence-covering s-image of a metric space, 

(3) A is a sequentially-quotient s-image of a metric space, 

(4) A has a point-countable cs*-network. 

Proof. (1) => (2). From Lemma 2.13. 

(2) (3). From Lemma 2.14. 

(3) => (4). Let / : M — > A be a sequentially-quotient s-map from a metric space M 
onto A. Since M is metric, M has a cr-locally finite base B. Then f(B) is a point-countable 
cs*-network for A. 
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(4) =>• (1). Let V be a point-countable cs*-network for X. It follows from Remark 1.7 that 
the Ponomarev-system (f,M,X,V) exists. By Lemma 2.11, V is a, strong cs*-network for X. 
From Theorem 2.24 and Lemma 2.15 we get that / is a pseudo-sequence-covering s-map. It 
implies that X is a pseudo-sequence-covering s-image of a metric space. 

From Corollary 2.26 we get a nice characterization of pseudo-sequence-covering quotient 
s-images (quotient s-images) of metric spaces due to [6] and [13] as follows. 

Corollary 2.27. {[6], Theorem 6.1 and [13], Theorem 2.3} The following are equivalent 
for a space X. 

(1) X is a pseudo-sequence-covering quotient (resp., pseudo-open) s-image of a metric 
space, 

(2) X is a quotient (resp., pseudo-open) s-image of a metric space, 

(3) X is a sequential (resp., Frechet) space having a point-countable cs*-network. 

Finally we consider a particular case when M is separable. 

Lemma 2.28. Let (/, M, X, V) be a Ponomarev-system, then the following are equivalent. 

(1) M is separable, 

(2) V is countable. 

Proof. (1) =>■ (2). If V is not countable, then T is uncountable. For each (3 £ T put 
Up = {c = (j n ) £ M : 7i = P}. Then each Up is a non-empty open subset of M. We shall 
prove that {Up : (3 £ T} covers M. Indeed, if c = (q n ) € M, then {P 7ri : n £ N} C V is a 
network at /(c). Pick (3 = 71 £ Ti = T then c £ Up. It implies that {Up : /3 £ T} is an open 
cover for M. Since M is separable, {Up : (3 £ T} has a countable subcover. It is a contradiction 
because Up 0 U 1 = 0 whenever (3 ^ 7. 

(2) =>■ (1). Obviously. 

From the above we get a mapping theorem on Ko-spaces which belongs to [4]. 

Corollary 2.29. {[4], Theorem 12} The following are equivalent for a space X. 

(1) X is an H 0 -space, 

(2) X is a sequence-covering, compact-covering image of a separable metric space, 

(3) X is a compact-covering image of a separable metric space, 

(4) X is a sequence-covering image of a separable metric space, 

(5) X is a pseudo-sequence-covering image of a separable metric space, 

(6) X is a subsequence-covering image of a separable metric space, 

(7) X is a sequentially-quotient image of a separable metric space. 

Proof. (1) => (2). Since X is an Ko-space, X has a countable cs-network Q and a countable 
fc-network TZ. Note that all elements of Q and 1Z can be chosen closed. Put V = QUIZ, then V 
is a countable cs- and fc-network for X. It follows from Remark 1.7 that the Ponomarev-system 
(f,M,X,V) exists. Since V is countable, M is separable by Lemma 2.28. From Lemma 2.9, V 
is a strong cs-network for X. Hence / is a sequence-covering map by Theorem 2.19. On the 
other hand, V is a countable closed /c-network, V is a cfp - network for X. Hence / is a compact- 
covering map by Corollary 2.16. It implies that / is a compact-covering and sequence-covering 
map from a separable metric space M onto X. 

(2) => (3), (2) => (4). Obviously. 

(3) => (5 ), (4) => (5), (5) (6). From Lemma 2.13. 
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(6) =>■ (7). From Lemma 2.14. 

(7) => (1). Let / : M — > X be a sequentially-quotient map from a separable metric space 
M onto X. Since M is separable metric, M has a countable base B. Then f(B) is a countable 
cs*-network for X. It implies that X is an Ko-space. 

Remark 2.30. If one of the above results contains “point-countable” and “s-image”, then 
it is possible to replace them by “point-finite” and “compact image”, “compact-countable” 
and “cs-image”, or “locally countable” and “strong s-image” respectively. Therefore we get 
characterizations of compact images of metric spaces, characterizations of cs-images of metric 
spaces, and characterizations of strong s-images of metric spaces. 
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Abstract. A bitopologiacl space ( X,Tp,Tq ) generated by probabilistic-quasi-pseudo-metric 
P is quasi-pseudo-metrizable if and only if there exists a quasi-pseudo-metric which induces 
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§1. Introduction 

A topological space ( X , r) is said to be metrizable if there exists a metric d : X 2 — > R 
which generates a topology Td equivalent to r. 

For PqpM -spaces (A, P , *), the problem leads to finding a quasi-pseudo-metric p : X 2 — > R 
such that it induces a topology T p equivalent to Tp and its conjugate quasi-pseudo-metric q 
generates a topology T q equivalent to Tq. In other words, a bitopological space ( X,Tp,Tq ) is 
quasi-pseudo-metrizable if and only if there exists a quasi-pseudo-metric p which induces those 
two topologies. 

In section 2, we define the so-called (PE )- spaces and show their properties. Also, we show 
that a (PE )- space generates a quasi-uniform structure on the underlying set (cf., Fletcher and 
Lindgren [1]), which is quasi-pseudo-metrizable. 

Next, we establish a number of relationships between (PE) and PqpM- spaces. 

In section 3, some conditions for the quasi-pseudo-metrizability of a PqpM - space are given. 

Finally, in section 4, we consider the problem of pseudo-metrization in PqpM- spaces. 



§2. Preliminaries 

We shall now consider functions defined on the extended real line R with values in the 
complete lattice (/,<). Note that the family (/ R , <) is also a complete lattice. The following 
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subsets of / R will be used in the sequel 

A(R) = {F G I R ; F is nondecreasing, left-continuous on R, 

F(— oo ) = 0 and F(+oo) = 1}, 
t/(R) = {u a G A(R); u a = l( 0 ,+oo) for any a G R}. 

Note that U - ^ is the greatest element in A(R) and u+oo is the smallest in it. Furthermore, 
we define 

A+(I) = {F G A(I) : F(0) = 1}, 

A+(I) = {F 1 G A+(R) : lim F(t) = 1}. 

i— ►+ oo 

The family A + (R) is a sublatices at A(R) with the bounds M{_oo} and u 0 . 

Definition 2.1. Let ( S , <, 0, 1) be a set partially ordered with bounds 0 and 1. A function 
* : S 2 —> S is called a fs-norm it the following condition holds: for all a, b,c,d£ S , 

(51) a *b = b * a, 

(52) a * 1 = a, 

(53) (a * b) * c = a * (b * c), 

(54) a * b < c* d whenever a < c and b < d. 

Let T(S , *) denote the family of all tg-norm * on the set S. Then the relation < defined 
by the formula: 

*i < *2 a*\b<a* 2 b 1 \/a,b G S, (2.1) 

is a partially order in the family T(S', *). 

Second relation in the family T(S, *) is defined as follows: 

*i *2 ((a *2 c) *i (6 *2 d) > ((a *i b) * 2 ( c *i d)), Va, b,c,d G S. 

By putting b = c = 1 in (2.1), we obtain a *i d > a * 2 d for a,b G S and hence *i > * 2 
follows. Thus we know that x 2 implies *\ > * 2 . 

According to the Definition 2.1, a tj - norm (see [2] and [3]) T : I 2 — > I is in interval 
I = [0, 1] an abelian semigroup with unit, and the f /- norm T is nondecreasing with respect to 
each variable. 

Definition 2.2. Let T be a tj- norm. 

(1) T is called a continuous tj- norm if the function T is continuous with respect to the 
product topology on the set I x L 

(2) T is said to be left-continuous if, for every x, y G (0, 1], the following holds: 

T(x,y) = sup {T(u,v) : 0 < u < x, 0 < v < y}. 

(3) T is said to be-right-continuous if, for every x, y G [0, 1), the following conditions holds: 

T(x , y) = sup{T(zi, v) : x < u < 1, y, v < 1}. 
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We shall now establish the notation related to a few most important tj - norm defined in 
Definition 2.2: 

(1) M(x,y ) = min(a;, y), for all x,y £ I. M is continuous and positive. 

(2) II(a;, y) = x ■ y, x, y £ I. 7r is strictly increasing and continuous. 

(3) W(x, y) = max(a; + y — 1, 0) for all x,y £ I. W is continuous tj-norm. 

! x, if x £ I and y = I, 
y, if x = 1 and y £ I, 

0, if x,y £ (0,1). 

The function Z is right-continuous, but it fails to be left-condition. We give the following 
relations among f /-norms defined above: 

m > n > W > Z, ( 2 . 2 ) 

M » n » W > Z (2.3) 

We shall now present some properties of the tg-norm defined on A + (R). According to 
Definition 2.1. the ordered pair (A + , *) is an abelian semigroup with the unit uq £ A + and the 
operation * : A + x A + — > A + is a nondecreasing function. We notes that Uoo £ A + is a zero 
A + . Indeed, by (S4) and (S2), we obtain 

Uoo < Uoo * F < Uoo * u 0 = Uoo, \/F £ A + . 

Let T be a left-continuous tj- norm. Then the functiona II : A + x A + — > A + defined by 
T(F, G)(t) = T(F(t), G(t)), Vt £ [0, +oo) (2.4) 

is a tA+ _norm 011 th e se t A + . 

For every t^+-norm *, the following inequality holds * < M, where M is the i/-norm of 

(I)- 

If T is left-continuous tj-norm, then the function *t ■ A + x A + — > A + defined by 

F *t G(t) = sup {T(F(u), G(s)) : u + s = t, u, s > 0} (2-5) 

is a t^+-norm on A + . 

Let T be a continuous t/-norm. Then the fA+ _norms *t and T are uniformly continuous 
on (A + ,c?z,), where d/, is a Modified Levy metric (see [7, Definition 4.2.1]). 

We finish this section by showing a few properties of the relation defined in Definition 2.2 
in the context of t&+ -norms. It T) and T 2 are continuous tj- norms, then 

T\ T-2 *T-, ~S> *t 2 ■ (2-6) 

If T is a continuous tj - norm and T is the t^+-norm of (2.5) then, 

(i) T 3> *t, 

(ii) M * for all fA+- norms *■ 
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§3. Probabilistic-quasi-pseudo-metric space ( PqpM-space ) 

Definition 3.1. Let A be a nonempty set, P : X 2 — » D and T in the tj- norm. The triple 
(X, P , T) is called a quasi-pseudo-Menger space if it satisfies the following axioms: 

(Ml) P xx = uq for all x £ X, 

(M2) P xz {ti +t 2 ) > T(P xy (ti),P yz (h)) for all x,y,z £ X and ii,i 2 > 0. 

If P satisfies also the additional condition: 

(M3) P xy ^ uq x ^ y, the (X,P,T) is quasi-Menger space. 

Moreover, if P satisfies the condition of symmetry P xy = P yx , then (X, P, T) is called a 
Menger-space. 

Definition 3.2. Let ( X,P,T ) be a probabilistic quasi-Menger space ( PqM ) and the 
function Q : X 2 — > D be defined by 

Qxy — Pyx ? Vx, y £ X. 

Then the ordered triple ( X , Q, T ) is also PqM- space. The function Q is called a conjugate 
Pqp- metric of the P. By (A', P, Q,T) we denote the structure generated by the Pgp-metric P 
on A'. 

Definition 3.3. ([2]) By probabilistic quasi pseudo-metric space {PqpM- space), we mean 
an ordered triple (A, P, *), where A is a nonempty set, the operation * is a t^+-norm and 
P : A 2 — > D satisfies the following conditions: for all x,y,z £ A, 

(PI) P xx = U 0 , 

(P2) P XZ > P X y * PyZ. 

Generally, P is called a Pqp-metric. If P satisfies also the additional condition: 

(P3) P xy ^ uo if x / y, then (A, P, *) is called a probabilistic quasi-metric space (PqM- 
space). 

Note that if, moreover, P satisfies the condition of symmetry 

(P4) P xy = P yz , for all x, y £ X, then (A, P, *) is a probabilistic metric space {PM- space). 

Definition 3.4. Let (A, P, *) be a PqpM- space and the function Q : X 2 — > D be defined 
by 

Qxy — Pyxi Vx, y £ X. 

Then the triple (A, Q, x) is also a PqpM- space. The function Q is called a conjugate Pgp-metric 
of the P. Let P( A, T, Q, *) denote the structure generated by the Pgp-metric P on A. 

Definition 3.5. Let (A, P, *) be PqpM- space. For all a; £ A and t > 0, a P-neighborhood 
of the point x is the set 

Upt) = {y£ A : P xy {t) > 1 - t} = {y £ X : d L {P xym ) < t}. (3.1) 

Theorem 3.6. Let (A, P, *) be PqpM-spa,ce ander a uniformly continuous fA+ -norm *■ 
Then the family {£/£(<) : t £ forms a complete system of neighborhoods in X (topolog 

Tp on A). 
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Also, the Pqp - metric Q which is a conjugate of P generate a topology tq. Thus the natural 
topological structure associated with a Pgp-metric is a bitopolocal space (X,tp,tq). 

Lemma 3.7. Let (X, P,Q,t) be a structure defined by a Pqp - metric P. Suppose that 
t * and then function F 2 : X 2 — > A + is defined by 

F^ y = Px V tQ xv Vz, y G A. (3.2) 

Then the ordered triple (A', F T ,*) is a Probabilistic pseudo Metric-space. If additionally P 
satisfies the condition: 



P xy or Q zy ^ 0, Vz, y G X (z y ) (3.3) 

then (A, F' r , *) is a probabilsitc metric space. 

Remark 3.8. For an arbitrary A + -norm *, we know that M r and we have 

F M (x, y) > F T (x 1 y), Vz, y G A. (3.4) 

The function F M will be called the natural probabilistic pseudo-metric generated by the Pqp- 
metric P. It is the “greatest” among all the probabilistic pseudo-metrics generated by P. 



§4. Properties of (P.E')-spaces 

Definition 4.1. (Fletcher and Lindgren, [1]) A quasi-uniform structure on a nonempty 
set A is a filter U in A x X satisfying the following conditions: 

(a) Each element U € U includes the set A = {(z, z) : x G A}, 

(b) For every U G U, there exists V G U such that V o V C U. 

The pair (A, U) is called a quasi-iniform space. 

If U is a quasi-uniform structure in A', then the family U _1 = {U~ l : U G 0} is also 
a quasi-uniform structure in A which is a conjugate of U. A quasi-uniform structure U is a 
uniform structure if U = U -1 . 

Definition 4.2. (Fletcher and Lindgren, [1]). A subfamily B of U is called a base of the 
quasi-uniform structure if, for all UgU, there exists a V G B such that V C U. 

A subfamily S C U is called a subbase of U if the family of all finite intersections U\ D U\ fl 
• • • n Uk, where Ui G S for i = 1, 2, • • • , k, is a base of U. 

Example 4.3. The discrete quasi-uniformity on a set X in fact a uniformity: It is the 
quasi-uniformity V induced by the basis consisting of the diagonal set of A x X only. Generally, 
finite sets are implicitly equipped with the discrete uniformity. 

A basis of a quasi-uniformity is symmetrical if all its elements are symmetrical. The 
quasi-uniformity generated by a symmetrical basis is actually a uniformity. If B is a basis of 
a quasi-uniformity IA , the entourages U* for U G B form a symmetrical basis of a uniformity 
U* which is the smallest uniformity containing U. In particular U* is also generated by the 
entourages U* for U GW. 
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Let be a quasi-uniform space. The intersection <u of the elements of U forms a 

reflexive transitive relation on X that is a quasi order. We also denote by IA the equivalence 
relation on X associated with the quasi order <u and given by x ■<=> u y if and only if x <uy 
and y <ux. If U is a uniformity then <u and coincide. 

If (X,li) and (Y, V) are quasi-uniform spaces, a mapping / : X — > Y is said to be (U, V) — 
uniformly continuous (or uniformly continuous if there is no ambiguity) if, for each entourage 
V G V, there exists an entourage U GlA such that 

(x,y)eU^(f(x)J(y))GV. 

In particular, such a mapping is monotonous if 

x<uy => f{x) <v f(y)- 

For each x € X, let 

U x = {U(x) :U <E W}. 

There exists a unique topology on A', called the topology induced by U, for which IA X is the filter 
of neighborhoods of x for each x £ X. Note that this topology is not necessarily Hausdorff: if the 
pair (x, y) of elements of X lies in each entourage U, that is, x <u y, then each neighborhood 
of x contains y. 

We implicitly assume that the set X xX is endowed with the product topology. 

Let (X,li) be a uniform space. A filter T on X is a Cauchy filter if for each entourage 
U GU there exists F £ T such that F x F £ V The uniform space ( X,U ) is said to be complete 
if each Cauchy filter on X is convergent. The Hausdorff completion (X,U) of a uniform space 
(X,U) and the uniformly continuous mapping on X are uniquely defined up to isomorphism 
by the following universal property: every uniformly continuous mapping / from (A 1 IA) into 
a Hausdorff complete uniform space (Y.U) induces a unique uniformly continuous mapping / : 
X — > Y such that f(x) = f(x) for all x € X. 

Let us now consider a quasi-uniform space (X,li) . We define the Hausdorff completion 
(X ,U) of (X,U) to be the Hausdorff completion of the uniform space (X,lf*). 

Definition 4.4. A pair (A, E ) is called a probabilistic .E-space (shortly, (PE)-space) if 
A is a nonempty set and E : A 2 — > A + is a function which satisfies the following conditions: 
for all x,y,z £ A, 

E(x,x)=uo, (4.1) 

For each t > 0, there exists k > 0 such that, if E xy (k ) > 1 — k (4-2) 

and E xz {k) > 1 — k, then E xz (t) > 1 — t. 

Theorem 4.5. Let (A ,E) be a (PE)- space. Then the family B = {U(t) : t > 0}, where 
U(t) is defined by 

U(t ) = {(®, y) G A 2 : E xy (t) > 1 - i}, (4.3) 

is a base of a quasi-uniform structure on A. 
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Proof. For every t > 0, by (4.3), the diagonal A is a subset of [/(f). Next, let 0 < fi < [2 
and let (x,y) £ U(t\). By (4.2) and the fact that E xy £ A + is nondecreasing, we infer that 

Exyfo) > E xy (ti) > 1 — t 2 - 

Thus we have (x,y) £ U( [ 2 ), which implies that U(ti) C C/ (^2 ) - 
Finally, for all ti,t 2 > 0, we obtain 

U (min(f 1? f 2 )) = U(ti) n U(t 2 ). 

It follows directly from (4.2) that, for each t > 0, there exists k > 0 such that 

U(k)oU(k) C U(t). 

Thus the condition (b) of Definition 4.1 holds true. This completes the proof. 

Corollary 4.6. If U is a quasi-uniform structure with a base B defined in Theorem 4.1, 
then the family 

B. = {[/(!) :neN}, 

where U(^) is defined by (4.3), is a countable base of U. 

Proof. It suffices to observe that, for every t > 0, there exists n £ N such that 

u O c 

Indeed, for every t > 0, there exists a natural number n such that 

1 

t > -■ 
n 

Since the functions E xy £ A + are nondecreasing, we have 

E xy (t)>E xy (^j >l-i>l-f. 

This means that, if (x,y) £ U(^), then it also belongs to [/(f), which shows that 

u(J^)cU(t), Vf > 0. 

This completes the proof. 

Lemma 4.7. Let (X, E) be a (PE)- space and let E _1 : X 2 —> A + be defined by 

E~ 1 (x,y) = E(y,x)\/x,y £ X. 

Then (X, E -1 ) is also a (PE)- space that generates a quasi-uniform structure U -1 which is a 
conjugate of U. A base of this structure is a countable family B^ 1 consisting of the sets of the 
form [/ -1 (^), where U(±) £ B^. 

Lemma 4.8. Let (X, E) be a (PA)-space and let E V E~ x : X 2 — > A + be given by 
E V E~ x (x, y) = min (E(x,y),E~ l (x,y)), \/x,y £ X. 
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Then the pair (X,E V T -1 ) is a (PE)- space satisfying the symmetry condition, i.e., for all 
x, y £ X, E\J E~ 1 (x , y) = E\J £ l_1 (y, x). Thus E V T -1 generates a uniform structure on X 
for which the family B U B” 1 is a countable base. 

Remark 4.9. Note that, in the proofs of Theorem 4.5 and Lemma 4.8, we have used the 
monotonicity of E xy . However, we have not utilized the left-continuity of these functions. We 
thus conclude that the codomain of E of Definition 4.4 can be extended to the family of all 
nondecreasing functions F : [0,+oo] — > [0,1] such that F( 0) = 0 and F( oo) = 1. The obtained 
function E : X 2 —> also generates some quasi-uniform structure on X. 

Theorem 4.10. Let U be a quasi-uniform structure defined by a (PE)- space (X,E). 
For all x £ X and U £ U, let U[x] = {y £ X : (x, y) £ U}. Then the family 

Te = { G C X : for each x £ G, there exists U £ U such that U[x] C G} 
forms a topology on X . The family 

M t = { G C X : for each x £ G, there is U(t) £ B such that U (t) [or] C G} 
is a base of the topology Te. 

Proof. By the definition of Te, it follows that a union of an arbitrary subfamily of Te 
belongs to Te- If Gi, G 2 £ Te and x £ G\ D G 2 , then there are L/i, C /2 € U such that 

U\[x\ c Gi, U 2 [x\cG 2 . 



By Definition 4.1, it follows that 

U = Gi n u 2 £ u. 

Since U[x] = Ui D U2[x] D G\ ft G 2 , we have 

Gi D G2 £ Te, 

which implies that Te is a topology on X. 

The second part of the proof immediately follows from the definition of a base of a topo- 
logical space and from Definition 4.2. This completes the proof. 

Theorem 4 . 11 . Every quasi-uniform structure U generated from a space (X,E) is quasi- 
pseudo-metrizable. This means that there exists a quasi-pseudo-metric p which generates a 
quasi-uniform structure U. 

Proof. By Corollary 4.6, U has a countable base B^. The assertion now follows directly 
from a theorem by ([3], Theorem 13). 

Remark 4 . 12 . If p is a quasi-pseudo-metric which generates a quasi-uniform structure U, 
then the conjugate structure CD 1 generates a quasi-pseudo-metric q which is a conjugate of p. 
The uniform structure U V IW 1 of Lemma 4.8 generates a pseudo-metric pVg = max(p, q). It 
follows that, if U = U -1 , then the generating function is a pseudo-metric. In (PE)- spaces, this 
holds if and only if E satisfies the symmetry condition. 
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§5. Relationships between (PE) and PqpM-spaces 

Relationships between probabilistic quasi-pseudo-metric spaces and probabilistic -E-spaces 
are given by the following theorems. 

Lemma 5.1. Let ( X, P, T ) be a quasi-pseudo-Menger space. Let the t/-norm T satisfy 
the condition: 

sup{T(x,a:) : x < 1} = 1. (5-1) 

Then (X, P ) is a (PE)- space. 

Proof. Let t > 0. Then, by (5.1), there is k < * such that 

T(1 — k,l — k) > 1 — t. 



By (P2), we get 

Pxz{t) > T(Pxy (2) ! P y Z (2)) 

>T(P xy (k),P yz (k)) 

>T(1 - k,l - k) 

> 1 — t. 

This means that (2.3.2) holds true. Hence ( X , P ) is a (PE)- space. This completes the proof. 

Lemma 5.2. Let (X, P, *) be a PqpM-space. Assume additionally that the 1 a + moral * 
is continuous at the point (uo,uq). Then (X,P) is a (PE)- space. 

Proof. It suffices to verify the triangle condition. Let t > 0. Then there exists k > 0 such 

that 

cLl(Gi * G 2 , uo) < t 

whenever 

d L (G 1 ,u 0 ) < k 

and 

d L (G 2 ,u 0 ) < k. 

Then, by (P2) and (2.5), we infer that 

d[j (Pxy * Pyzi'Uo) ^ L 



This completes the proof. 

An immediate consequence of Theorem 4.11 and Lemma 5.1 as well as of the Remark 4.12, 
we have the following: 

Theorem 5.3. Let (X,P,*) be a PqpM - space with tA+ _norm * being continuous at 
(uo, u 0 ) € A + x A+. Then the bitopological space (A, Tu, T v -i ) generated from a quasi-uniform 
structure U is quasi-pseudo-metrizable. The topological space (X, T uvd -i) generated from the 
uniform structure U V U -1 is pseudo-metrizable. This means that, if a quasi-pseudo-metric p 
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induces the topology Tj j, then the quasi-pseudo-metric q , which is a conjugate of p , induces 
Tjj-i. 

Lemma 5.4. If ( X,P,T ) is a quasi-pseudo-Menger space, then the bitopological space 
(X, Tu,T v -i) is quasi-pseudo-metrizable whenever the tj - norm T satisfies the condition (5.1). 

Remark 5.5. Note that (3.1) and (4.3) yield the equality 

N p (t) = U(t)[x], Vf > 0. 

We thus infer that the bitopological spaces ( X,Tp,Tq ) and ( X,Tu,T v -i ) defined, respectively, 
in Theorem 5.3 and Lemma 5.4 are identical and so we can replace the continuity assumption 
about the fA+ _n orm * by the continuity assumption at the point (uo,uq). 

On the other hand, as demonstrated by Mustari and Serstnev ([5, Counterexample 6) for 
probabilistic metric spaces, if the tA+ _norm is not continuous at ( uo,uq ), then the family of 
sets defined in (3.1) does not determine a topology on X, i.e., the following condition fails: 

For each y £ N p ( t ), there exists N p (t-\) such that 

N y p ( tl ) C N p (t). 



Definition 5.6. For a probabilistic quasi-pseudo-metric space (X, P) and s,t > 0, we 
define a subset of X 2 by 

U p (s, t ) = {(*, y) £ X 2 : P xy (s ) > 1 - t}. (5.2) 

Theorem 5.7. Let (X, P) be a probabilistic quasi-pseudo-metric space. Then the “quasi”- 
t/-norm TpyQ = M(Tp,Tq ), where Tp = I 2 — > I is defined by 

T P (a,b) = vai{P xz {ti + 1 2 ) : P xy (ti) > a, P yz (t 2 ) > b} 

and for all t /--norms T < Tp V Q has the property: 

sup {TpyQ(t,t) : 0 < t < 1} = 1 

if and only if, for each t > 0, there is > 0 such that, for all Si, s 2 > 0, 

U p (s i, £i) o U p (s 2l h) C U p (s i + 82 , t). (5.3) 

Proof. For arbitrary t > 0, we select t\ > 0 such that 



Tpvq{ 1 — t\, 1 — fi) > 1 — t. 

Next, suppose that P xy {s) > 1 — t\ and P yz (s 2 ) > 1 — t\. Then, for Tp^q, we obtain 

PjZ (si + s 2 ) > Tps/q{P xv {s\), P yz {s 2 )) 

> Tpvq( 1 — il,l — ti) 

>1 -t. 
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On the other hand, for any t > 0, by (5.3), choose t\ > 0. Then, for each t\ > k > 0, let 
Pxy{s 2 ) > 1 — k and P yz (s 2 ) > 1 — k. Then we have 



This completes the proof. 

Theorem 5.8. If (A, P) is a statistical quasi-pseudo-metric space, then the family U = 
{U p (s,t) : s,t > 0} is a base of a quasi-uniform structure on A' if and only if, for each pair 
(s,f), there exists a pair (si,ti) such that 



The fact that the quasi-uniform structure generated by U has a countable base yields the 
following: 

Corollary 5.9. A quasi-uniform space (A, U) generated by a statistical quasi-pseudo- 
metrizable if and only if the condition (5.4) holds. 

Remark 5.10. Let (A, P) be a statistical quasi-pseudo-metric space. Then the quasi- 
uniform structures generated by bases defined in (4.3) and (5.2) are equivalent. 

Indeed, we have 

U p (t,t) = U(t), C/(min(s,t)) c U p (s,t), Vs,f> 0. 

Remark 5.11. The following example shows that the condition (5.4) is essentially weaker 
than the condition (5.2). Let X = [0, 1] and P : X 2 — > A + be given by 



Thus (5.3) does not hold. 

Now let s > 0 and t > 0. It suffices to select numbers Si > S 2 and t\ = t in order for (5.4) 
to hold. Thus (A, P) is a (PE )- space by Remark 5.11. Notice also that (A, P) fails to be a 
statistical quasi-pseudo-metric space. 



Pxz(s 1 + S 2 ) > 1 - t. 



Hence, by Lemma 5.1, we have 



T pv q( 1 - k, 1 - k) > 1 - t. 



U p (si,ti) o U p (si,t 1 ) C U p (s,t). 



(5.4) 




iii, if x = 0 and x y, 
u \ x - y \ i otherwise. 



Let s = — and t > 0. Then, for x = — and z = 1, we have 



Pxy(0, 2 ) = u_l_ ( 0 , 2 ) = 1 



and 



Pyz(0,6) = til (0,6) = 1. 



However, we have 
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§6. Pseudo-metrization in PqpM-spaces 

The problem of pseudo-metrization of probabilistic quasi-pseudo-metric spaces is charac- 
terized by the following result, which is a consequence of Theorem 5.3. 

Theorem 6.1. Let (A, P, *) be a PqpM - space such that P satisfies the symmetry condi- 
tion and the t^+-norm * is continuous at ( uq,uq ). Then the topology T p is pseudo-metrizable. 
The topology Tp is metrizable if the function P satisfies the condition (P3) of Definition 3.3. 

Proof. If P is symmetric, then we have the quasi-uniform structure U = U _1 and U = 
U V U -1 . The assertion is an immediate consequence of Theorem 5.3. For the proof of the 
second part of the theorem, notice that it follows from Definition 3.1 that x ^ y if and only if 
P xy ^ uq . This means that 

n = a - 

t> i 

Indeed, let x ^ y. Then we have 

d L (P xy ,u 0 ) =ti> 0, 

which implies that (x,y) £ U{t\) and hence (x,y) does not belong to flt>i U(t). It follows that 
U is a Hausdorff uniform structure. Thus the topology generated by it is a Hausdorff topology. 
This completes the proof. 

Remark 6.2. A metrization theorem for Menger spaces was proved by Schweizer and 
Sklar [6, Theorem 2]. Such a theorem for probabilistic metric spaces with a continuous t/- norm 
* goes back to Schweizer and Sklar [7, Theorem 12.1.6, p. 194]. 

Theorem 6.3. Let (X. P, *) be a PqpM - space such that the t a- - norm * is continuous at 
(u 0 ,uq). If the topology T P is stronger than Tq , then (A, Tp) is pseudo-metrizable. 

Proof. Let Tp V Q be the topology generated by the probabilistic pseudo-metric PpvQ- 
Topology TpyQ is the smallest topology containing Tp and Tq. Thus we have 

T P = T pw q. 

The assertion now follows immediately by the Definition 5.6. This completes the proof. 

Theorem 6.4. Let (A', P, *) be a PqpM - space such that the t^+-norm * is continuous at 
(uo,uq). If P satisfies the condition: 

If P x a = Uq, then Q x a = uq for any x € X and A C A, (6-1) 

then (A, Tp) is pseudo-metrizable. 

p 

Proof. Let A be Q-closed and let z £ A . Then we have P x a = «o- By (6.1), it follows 
that also Q x a = uo, which means that x £ A® = A. We infer that each Q-closed set A is P- 
closed. Thus Tp is stronger than Tq. The assertion follows from Theorem 5.8. This completes 
the proof. 

Theorem 6.5. Let (A 1, P, *) be a PqpM - space such that the t^+-norm * is continuous 
at (uq,uo). If g x : X — > [0,1] defined by g x (y) = dL(P xy ,uo) is Q-continuous, then the space 
(A, T 0 ) is pseudo-metrizable. 
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Proof. If g x is Q-continuous, then N x (t) £ Tq. Then Tq is stronger than Tp by applying 
Theorem 5.8. 

Theorem 6.6. Let (A', P, *) be a PqpM - space such that the t^+-norm * continuous. Then 
(A, Tp) is metrizable provided that (A, Tq) is compact. 

Proof. Let G be a Q-open set and take y £ G. The bitopological space (A ,Tp,Tq) 
generated by the probabilistic quasi- metric P is a pairwise Hausdorff space (see [8]). This 
means that, for every x £ X — G, there exist a Q-open set U and a P - open set V such that 

x£U, y£V, Pn V = 0. 

Observe that the family {U : x £ X — G} is a Q-open cover of x — G. By our assumption, there 
exists a finite subcover { U\ , • • • , U n }. Let V = 0{Vi : i = 1, • • • , n}. Then we have y £ V C G. 
Thus every Q-open set is also P-open, i.e., Tp is stronger than Tq. The assertion now follows 
from Definition 5.6. This completes the proof. 
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Abstract Smarandache LCM function and LCM ratio are already defined in [1], This paper 
gives some additional properties and obtains interesting results regarding the figurate numbers. 
In addition, the various sequaences thus obtained are also discussed with graphs and their 
interpretations. 

Keywords Smarandache LCM Function, Smarandache LCM ratio. 



§1. Introduction 

Definition 1.1. Smarandache LCM Function is defined as SL(n ) = k, where SL : N 
N 

(1) n divides the least common multiple of 1, 2, 3, • • • , k, 

(2) k is minimum. 



Definition 1.2. The Least Common Multilpe of 1, 2, 3, • • • , k is denoted by [1, 2, 3, • • • , k], 
for example SL( 1) = 1, SL(3) = 3, SL( 6) = 3, SX(10) = 5, SL( 12) = 4, SX(14) = 
7, SX(15) = 5, •••. 

Definition 1.3. Smarandache LCM ratio is defined as 

[n, n — 1, n — 2, ■ ■ ■ , n — r + 1] 

“ ( "' r) = [1,2,3,-.. ,r] ' 

Example. 

SL(n, 1) = n, 

SL(n, 2) = n > 2, 



SL(n, 3) = 



n(n — 1 )(n — 2) 
6 

n(n — 1 )(n — 2) 
12 



if n is odd, n > 3 
if n is even, n > 3 



Proof. Here we use two results: 

1. Product of LCM and GCD of two numbers = Product of these two numbers, 

2. [1,2,3,- •• , n] = [[1,2,3, ••• ,p], \p + l,p + 2,p + 3, • • • ,n]]. 
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Now, 



SL(n , 3) = 



[n, n — 1 , n — 2 ] 
[1,2,3] 



(1) 



Here, [n, n — 1, n — 2] = 



(n — l)(n — 2 ) 



’ (n — 1 , n — 2 ) 

But (n — 1, n — 2) = GCD of n-1 and n-2, which is always 1. 

Hence, [n, n — 1, n — 2] = [n, (n — l)(n — 2)] and clearly [1, 2, 3] = 6 . 



At n = 3 : (1) => SX(3,3) = 
At n = 6 : (1) => SL{ 6 , 3) = 



[3,2,1] 
[1,2,3] " 

[6,5,4] 



3x2x1 6 i 

6 “ 6 ~ 



6x5x4 



[ 1 , 2 , 3 , 4 ] 
n(n — 1 )(n — 2 ) 



Hence, SL(n,3) = n(n _ _ 2) 



12 

, if n is odd 



= 10 . 



is proved. 



12 



, if n is even 



[n,n — l,n — 2,n — 3] 



for n > 4 

if 3 does not divides n 
if 3 divides n 



[ 1 , 2 , 3, 4] 

Similarly SL(n, 4) = »-(n - l).(n - 2).(n - 3) 

24 

n.(n — 1 ).(n — 2 ).(n — 3) 

72 ’ 

_ .. . n.(n — l).(n — 2).(n — 3).(n — 4) , 

Similarly, SL{n, 5 ) = , with other conditions also. 

Here, we have used only the general valuesof LCM ratios given in ([2] and [3]). 

The other results can be obtained similarly. 



§2. Sets of SL(n,r ) [2] 



(1) SL(n, 1) = {1, 2, 3, 4, 5, 6, • ■ ■ , n, ■ ■ ■ } It is a set of natural numbers. 

TL\Tl — 1 ) 

(2) SL(n, 2) = {1, 3, 6, 10, • • ■ , , • ■ ■ } It is a set of triangular numbers. 

(3) SL(n, 3) = {1, 2, 10, 10, 35, 28, 84, • • • , n ( n ~ l ^ n ~ 2 ) , . . . }. 

This set, with more elements, is {1, 2, 10, 10, 35, 28, 84, 60, 165, 110, 286, 182, 455, 
280, 680, 408, 969, 570, 1330, 770, 1771, 1012, 2300, 1300, 2925, 1638, 3654, 2030, 4495, 2480, 
5456, 2992, 6545, 3570, 7770, 4218, 9139, 4940, 10660, 5740, 12341, 6622, 14190, • • • }. 



T . . x 4 + 2 x 3 + 6 x 2 + 2 x + 1 

Its generating function is 7 - 77 —. 

(1 — x A Y 
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Graph of SL(n,3) 

Physical Interpretation of Graph of SL(n,3): This graph, given on the next page, represents the 
V-I characteristic of two diodes in forward bias mode. It is represented by the equation: 

/ = io{exp( jrg^) — 1}, a rectifier equation, where, 
lo = total saturation current, 
e = charge on electron, 

V = applied voltage, 

kB = Boltzman’s constant, and 

T = temperature. 

Here V is positive. X-axis represents voltage V and Y-axis is current in mA. 

Also, this graph represents harmonic oscillator: Kinetic energy along Y-axis and velocity along 
X-axis. 
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Graph of SL(n,4) 



(4) SL(n, 4) = {1,5,5,35,70,42, 



n(n — 1 ){n — 2 )(n — 3) 
72 






This set, to certain terms is {1, 5, 5, 35, 70, 42, 210, 330, 165, 715, 1001, 455, 



1820, 2380, 1020, 3876, 4845, 1995, 7315, 8855, 3542, 12650, 14950, 5850, 20475, 23751, 9135, 

31465, 35960, 13640, 46376, 52360, 19635, 66045, 73815, 27417, 91390, 101270, 37310, 123410, • • • }. 

Physical Interpretation of Graph of SL(n,4): This graph, the image of graph about a line 
of symmetry y = x, is a temperature-resistance characteristic of a thermister. 

Its equation is R = R 0 .exp[/3(^ — ^)], where 
R 0 = resistance of room temperature, 

R = resistance at different temperature, 

/3 = constant, 

Tq = room temperature. 
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Graph of SL(n,5) 



Temperature T, in Kelvin units, along X-axis and resistance R, in ohms, along Y-axis, /? 
value lies between 3000 and 4000. 



The above equation can be put as R = C.e t . 

Its another representation is potential energy (in ergs, along Y-axis) of system of spring 
against extension (in cetimeters along X-axis) for different weights. 



The second graph below is characteristic curve of Vce against Ice at constant base current 



(5) SL(n, 5) = {1,1,1,7,14,42,42, 



n(n — 1 )(n — 2 )(n — 3 )(n — 4) 
360 



■ } This set, to 



certain terms, is {1, 1, 7, 14, 42, 42, 462, 66, 429, 1001, 1001, 364, 6188, 1428 • ■ ■ } 



Physical Interpretation of Graph of SL(n,5): The second graph of {SL(n, 5)}, given above, 
represents the V-I characteristic of two diodes in reverse bias mode. It is represented by the 
same equation mentioned in graph of SL(n, 3) with a change that V is negative. 



Hence, — V > 4k ^ T , and that exp(^|^) < 1, so that I = Iq. 

This shows that the current is in reverse bias and remains constant at To, the saturation 
current, until the junction breaks down. Axes parameters are as above. 

Similarly for the other sequences. 
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§3. Properties [3] 

Murthy [1] formed an interserting triangle of the above sequences by writing them verti- 
cally, as follows: 

1 

1 1 
12 1 



1 


3 


3 


1 














1 


4 


6 


2 


1 












1 


5 


10 


10 


5 


1 










1 


6 


15 


10 


5 


1 


1 








1 


7 


21 


35 


35 


7 


7 


1 






1 


8 


28 


28 


70 


14 


14 


2 


1 




1 


9 


36 


84 


42 


42 


42 


6 


3 


1 


1 


10 


45 


60 


210 


42 


42 


6 


3 


1 



1. Here, the first column and the leading diogonal contains all unity. 
The second column contains the elements of sequence SL(n, 1). 

The third column contains the elements of sequence SL(n,2). 

The fourth column contains the elements of sequence SL(n, 3). 
and similarly for other columns. 

2. Consider that row which contains the elements 1 1 only as first row. 
If p is prime, the sum of all elements of p th row = 2 (mod p). 

If p is not prime, the sum of all elements of 4 th row = 2 (mod 4). 

The sum of all elements of 6 th row = 3 (mod 6). 

The sum of all elements of 8 th row = 6 (mod 8). 

The sum of all elements of 9 th row = 5 (mod 5). 

The sum of all elements of 10 th row = 1(toog? 10). 



§4. Difference 



We have, 

SL(n, 2) - SL(n -1,2) = SL{n -1,1). 
This needs no verification. 



Also, SL(n , 3) — SL(n —1,3) = 



n(n — 1) (n — 2) (n — 1) (n — 2) (n — 3) 
6 

(n — 1 )(n — 2) 



2 



6 

SL(n — 1,2). 
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Similarly, 



SL(n, 4) — SL(n —1,3) = SL(n — 1, 3) 



SL(n, 5) — SL(n —1,5) = SL(n — 1,4). 



Hence, in general, 

SL{n , r) — SL(n — 1, r) = SL{n — 1, r — 1), r < n. 



§5. Summation 

Adding the above results, we get, 



OO 

SL(n , r) = n — 1, n > 1. 

r - 2 



§6. Ratio 

We have, 



In general, 



SL(n, 3) n — 2 
SL(n, 2) ~ 3 ’ 

SL(n,A) n — 3 SL(n, 5) n — 4 
SL(n, 3) 4 ' SL{n, 4) 5 



SL(n, r + 1) n — r 

SL(n,r) r + 1 



§7. Sum of reciprocals of two cosecutive LCM ratios 

We have, 



1 



1 



n + 1 



+ 



SL{n,2) SL(n, 3) 3-SL(n,3)’ 

1 n+1 1 1 



71+1 



SL(n, 3) SL(n : 4) 4-S'L(n,4) ! SL(n,4) SL(n,5) 5 ■ SL(n, 5) 



71+1 



SL(n,r) SL(n,r+ 1) (r + 1) • SL(n, r + 1) 



In general, 
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§8. Product of two cosecutive LCM ratios 

1. SL(n,l)-SL(n,2)= n2{n ~ l) 



2. SL(n, 2) • SL(n, 3) 



n 2 (n — 1 ) 2 (n — 2) 
2! -3! 



3. SL(n, 3) • SL(n, 4) 



n 2 (n — 1 ) 2 (n — 2 ) 2 (n — 3) 
3! -4! 



4. SL(n, 4) • SL(n , 5) 



n 2 (n — l) 2 (n — 2) 2 (n — 3) 2 (n — 4) 
4! • 5! 



In general, 



SL(n , r) ■ SL(n, r + 1) 



n 2 ■ (n — l) 2 • (n — 2) 2 • (n — 3) 2 (n — r + l) 2 ■ (n — r) 

r! • (r + 1)! 
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§1. Introduction 

This paper is the outcome of the author in throwing some more light on the relative 
character Graphs T(G,H) (RG-graplrs) originally studied by T. Gnanaseelan in his Ph.D work 
[ 2 ]- 

It may be recalled that in the early 1940’s R. Brauer while studying the ’ordinary’ (complex) 
irreducible representation and the p-modular irreducible representation of a finite group G, 
constructed a finite simplex graph which was later called the Brauer Graph B(G) and was 
extensively studied especially when G is a finite Chevalley group, or more generally, a simple 
group of his type [1]. 

Both these graphs have the same vertex set namely, the set IrrG of complex irreducible 
Characters of G. In the Brauer group case, case vertices &,ip are adjacent if and only if their 
reduction modulo a prime p dividing 0(G) contains at least one p-modular irreducible character 
in common. In the case of the RG-graph <I> and if) are meant to be adjacent if and only if the 
restriction 4># and ipn to a given subgroup H of G contain at least one irreducible character 
of H in common. Clearly T(G, H) is a simple graph. 

We shall highlight some of the basic properties obtained by Gnanaseelan and others. This 
paper is a continuation of the earlier works deals with connectivity properties of the complement 

r (G,H). 

§2. Basic properties of RC - graphs 

We need the following base minimum from character theory. For details, we refer to M. 
Isaac’s book [3]. 

Given two characters 4>, if) of G, let (4 >, t/>) = l/0(G)E4>(s)'i/’(s). Then, Q is irreducible if 
and only if (4>, 4>) = 1 and if 4> and ip are two distinct irreducible, then (4>, ip) = 0. 
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In terms of this scalar product the adjacent condition can be given as follows: 

$, tj) £ IrrG are adjacent if and only if (d>, i/j)h = , . V $(s)(V>(s)) > 0 

^ ^ sGH 

Induced characters: Given any character Q of a subgroup H , the induced character Q a of 
G is defined as 



Q g (s) = GQ°{gsg 1 ), where 



Q°(gsg *) = Q(gsg *) if gsg 1 S H and 
= 0, otherwise. 



Frobenius Reciprocity Formula: 

If Q G IrrH and <f> G IrrG , then (<&h, Q ) = ($, Q g )g- 

Proposition 1. Two elements of IrrG are adjacent iff d> G where \ G = 1 h- 

For details and proofs of the following results, we refer to [2], [4] and [8]. 

Proposition 2. ( G,H ) is connected if and only if corecH = (1) where corecH is the 
largest normal subgroup of G G contained in H . In particular if G is simple or if H is simple, 
then r(G,.ff) is connected. 

For the above proposition and for further results, we need the path lemma: Given any F 
in the connected component containing lG,d> in connected to If? by a path of length s if and 
only if d> C X s j s > 1. 

Proposition 3. r(G, H) is a tree if and only if G = NH is a Frobenius group with kernel 
N and complement H and N is unique minimal elementary abelian of order p m (p, aprime ) and 
0(H) = p m — 1. In this case, the tree is always a ’star’. 

Proposition 4. *f>, £ IrrG lie in the same connected components of T(G, H) if and only 

if d> C ipx s f° r some integer s > 1. 

Proposition 5. If T(G, H) is connected then it is always triangulated . (A tree is ’trivially’ 
triangulated) 



§3. Complements of RC - graphs 

If FI is a subgroup of G, it is very rare that the complements T(G, H) of T(G, H) is of the 
form r(G, H) for some subgroup K . 

Problem 1 . Characterize all groups G with the property that there exists a pair of 
subgroups H and K such that 

T(G,H) = T(G,H). 

In this connection the following results of Gnanaseelan is interesting proposition 6: If g = NH 
is a semi direct product with N normal and H non-normal, then T(G,N) = T(G,H) if and 
only if G is Frobenius with kernel N and complement H. 

We shall now focus on the connectivity of T(G, H) and T(G, H) (also see [9]). 

At the outset, if a graph T is disconnected then T is connected. However, if T is connected, 
then r may be connected or not, as seen from the following examples: 
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G = S 4 , H = H, . 
r(G, H) 



G o 



r(G, H) 




G = S 3 , H = (s). 
T(G, H) 



r(G, H) 




Problem 2. Given any finite group G , find all subgroups H such that r(G, H) is connected, 
(we can assume coreaH = (1)). 

Problem 3. Find all finite groups G such that whenever H ^ (1), then T(G,H) is 
connected. 

Note that this includes the class of all finite abelian groups, because, if G is abelian of order 
g and H is a subgroup of order h , then T(G,H) is disconnected with exactly h components 
each component being complete with g/h vertices. 

Theorem 1. Let H be a subgroup of G such that the right action of G on G/H is doubly 
transitive. If r(G, H) is not a tree and if q <= n — IC 2 , then T(G, H) is connected (where n 
and q are the number of vertices and number of edges of T(G,H) respectively.) 

Proof of Theorem 1. If l’(G. H) is disconnected then i (G, H) is always connected. 
Hence we assume that T(G, H) is connected and is of the form: 




Since the action of G on G/H is doubly Transitive, 



X=li! = lG+A, A £ IrrG. 



Let J denote the sub graph T(G, H) — 1q- Then J has n— 1 vertices and q — 1 edges. By 
Frobenuis reciprocity formula we have, 



Aff = 1^ + T,nQi , Qi e IrrH , n > 0 



We shall prove that there is at least one d) £ IrrG , d> ^ 1q which is not adjacent to A. 

For any Q £ IrrH , let I(Q ) denote the set of distinct irreducible characters occurring in Q G . 
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First suppose that there exists Q £ IrrH such that I(Q) C J and an is irreducible for 
every a £ I{Q ). In other words, a h = Q for every er £ I(Q). Then clearly any 4> £ I{Q) 
is such that does not contain Q and hence I(Q) is a connected component of T(G 1 H), 
contradicting our assumption that T(G, H ), is connected. 

Next, we shall prove that if cr £ J is not Irreducible, then a C crA. In fact, 

O, °x) = a ( s ) a ( s )x( s ) 

k 

5Z H cr (s)cr(s)x(s) 

.2=1 sGCi 

(Where Gi, C 2 , ■ ■ ■ , C*, are the conjugacy classes of G) 

k 

= XZ cr ( s ) cr ( s )x(s)|G i | 

(Where s runs through a set of class representatives) 

k 

= o{G) m cr ( s ) cr ( s ) I n F lx(l) 

^ ' 2=1 

(using the relation | Gj D Ff|x(l) = |Gi|x(s) 

= o7gi x(1) ct(s)ct(s) 

' ' sGH 

- m 0<HX ^ >H 

= d > 1 

since ajj is not irreducible using x = 1 g + A, this gives (cr, ctA) > 0, which means a C a A. 
Already by assumption <7 and A are adjacent, which is by path lemma, gives cr C A 2 . Using 
these 2 relations, we get cr C crA C A 3 . Hence by path lemma, we get a path of length 3 from 
cr to 1 g, which must pass through A. Hence we get a cycle Acr/rA for some /x £ J. Repeating 
this process over and over again, we see that cr is adjacent to any <f> in J. 

Now Suppose, for any Q £ IrrH , there exists a £ /(Q) such that an is not irreducible. 
Then from the above argument, it follows that cr is adjacent to any 4> in J. Then J is a complete 
graph and hence q = n — IG 2 + 1 (including the edge IgA) which is a contradiction to our 
assumption that q < n — IG 2 . 

Hence there must exist a vertex <I> not adjacent to A. In the complement, therefore, $ and 
A are adjacent. Also, since A is the only vertex adjacent to 1 g in T(G,H ), all other vertices 
(including H>) are adjacent to 1 g in T(G 1 H). Thus T(G,H) is connected. 

Remarks 1. 

1. The assumption that q < n — IC 2 is necessary as we see from the following graph. Take 
G = A 5 and H = A 4 . 



1 

0(G) 
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r(G, H) 




Here n = 5 and q = 7, which is > 4C2 = 6 of course T(G, 77) is disconnected. 

2. The condition that T(G, 77) is not a tree is necessary, for otherwise, T(G, 77) would be a 
rooted tree (star) and hence A would be isolated in the complement. 

Problem 4. Characterize all subgroups 77 of a given group G such that both T(G, 77) and 
T(G,H) are connected. 

Theorem 2. r(G,77) is connected if and only if for every a £ 7(1#) there exists a 
>!> £ V — 1(1#) such that a and 4> are not adjacent in r(G,77). 

Proof of Theorem 2. First assume that r(G, 77) is connected. Let er £ 7(1#). Suppose 
er is adjacent to all 4> £ V — 7(1#) in r(G, 77). Since already a is adjacent to all ip £ 7(1#), 
as 1(1 #) is complete, a is adjacent to all vertices in r(G, 77). Hence a is an isolated vertex in 
r(G, 77), contradiction. 

For the converse part, assume the given condition. Since 1q is not adjacent to any vertex 
in V — I(1h ), 1g is adjacent to every vertex in V — I(1h) in T(G,77). By the assumption, if 
cr £ I(1 h) and 7(1#), cr and <!> are adjacent in T(G, H) (1) 

Also 1 q is adjacent to all vertices in V — 7(1#) in T(G, H). In fact, no vertex <f> can be 
adjacent to 1 g without belonging to 7(1#). Therefore, if 4> £ V — 7(1#), then 4> is not adjacent 
to 1 g in T(G,H). Hence <f> is adjacent to 1 g in T(G,H) (2) 

Now take any two a, /3 in 7. 

Case 1 : Both a and [3 belong to 7(1#). By (2), there exist £1,^2 in V — 7(1#), such that a is 
adjacent to £1 and j3 is adjacent to £2 in T(G,H). But by (1), 1q is adjacent to both £1 and £2 
in T(G,H). Then we get a path between a and j3. (see figure 1). 




Figure 1: 

Case 2: Let a £ 7(1#) and (3 £ V — 7(1#), By (1), Iq is adjacent to [3 in T(G, 77), and 
by (2), their exists £ £ V — 7(1#) such that a is adjacent to £ in T(G, 77). This shows that 
there is a path between a and (3 in T(G, 77). (see figure 2). 

Case 3: Both a and (3 do not lie in 7(1#). By (1), Iq is adjacent to a and (3 in T(G, 77); 
hence there is a path between a and (3 in T(G, 77). (see figure 3). 
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a 



Figure 2: 




B 



a 



Figure 3: 



The above arguments prove that r(G, H) is connected. Hence the theorem. 

Theorem 3. Let the right action of G and G/H be doubly transitive. Then T(G,H) is 



connected if and only if diamT{G , H) > 3. 

Proof of Theorem 3. Due to doubly transitivity, 1(1#) = Ig + 'V A £ IrrG, and hence is 
the unique vertex adjacent to Iq- First let diamT{G, H) > 3. Then their exists <F £ V — I(1h) 
whose distance from A is at least 2. Therefore, given A £ /(!#) we can find - /(!#) 



Conversely, assume that T(G,H) is connected. Hence by the same theorem, their exists 
>F € V — I{1h) such that A and >F are not adjacent. Therefore, dist.{ A, <F) > 2. Hence 
diamT(G, H) > 3. This proves the theorem. 

Proposition 6. 

(i) If G = NH is Frobenius, then r(r(G, H)) = 1. As an example r(Z?io, G 2 ) is the following. 




Of course there are cases when r(T(G,H)) > 1. For instance, when G = S 4 and H = S 3 , 
T(G,H) is the graph. 



such that A and <I> are not adjacent. Hence by theorem 2, T(G,H) is connected. 




Whose domination number is 2. For details on domination theory of f?C-graphs, we refer 
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to [5], [8], 

(ii) RC-graphs as signed graphs. There is a natural sign attached to the edges. If 4 >,V’ are 
the vertices and 4># = E niiGi and ipn = ’EriiQi, so that (4 = Swi^, the edge 4>-i/) 
gets a + sign if EmjTij is even and a - sign if Em^i is odd. The first author has initiated 
a study on RC-graphs as signed graphs following the work of B.D. Acharya et al. (see 
[ 6 ])- 

(iii) Among the many products occurring in graph theory the one that suits our RC-graph is 
the ’strong direct product’. The domination number of a strong direct product cannot be 
greater than that of the more fancied Cartesian product 

If Ti and T 2 are two (connected) graphs then we have the famous vizings conjecture: 
7 (Ti x T 2 ) > 7 (Ti) 7 (r 2 ). A variation of the above conjunctive for RC-graphs and strong 
direct products fails. (For details see [7]). 



Conclusion 

Graph - theorists have already shown interest in RC-graphs as they provide some relief 
from the monotonous ’edge - dot’ study! The authors believe that the pictorial description of 
character theory could help people to understand representation theory in a better way. (The 
restriction behavior of an irreducible G - character to a subgroup H , apart from Clifford’s 
theory when H is normal, is not completely understood). Last but not the least many new 
perhaps hitherto unseen, subgroups have already been located in an arbitrary finites groups 
using RC-graphs such as almost - normal subgroups, dominate subgroups, domination - free 
subgroups etc, whose definition and details are omitted here for want of time and space. 
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§1. Preliminaries 

Let (A, E,A) be a sigma- finite measure space and let T : A — * A be a non-singular 
measurable transformation. Let L 2 = L 2 (X, E, A). Then the composition transformation Ct is 
defined by Crf = fo T for every f in L 2 ( A). If Ct happens to be a bounded operator on L 2 , 
then we call it the composition operator induced by T. 

Ct is a bounded linear operator on L 2 precisely when (i) the measure AT -1 is abso- 
lutely continuous with respect to A and (ii) the Radon-Nikodym derivative dXT~ l /dX is in 
T°°(A, E, A). Let R(Ct) denote the range of Ct and CJ, the adjoint of Ct- 

A weighted composition operator is a linear transformation acting on a set of complex 
valued E mesurable functions of the form W f = wf o T, where w is a complex valued E 
measurable function. In case w = 1 a.e., W becomes a composition operator, denoted by Ct- 

To examine the weighted composition operators efficiently, Lambert [1], associated with 
each transformation T, the so called conditional expectation operator T(*|T _1 E) = E(»). More 
generally, E{f) may be defined for bounded measurable function / or non-negative measurable 
functions /; for details on the properties of E, see [4], [5], [6]. 

As an operator on L p , E is the projection onto the closure of the range of Ct- E is the 
identity on L p if and only if T -1 E = E. 

The Radon-Nikodym derivative of AT” 1 with respect to A is denoted by h and that of 
A T~ k with respect to A is denoted by hk where T k is obtained by composing T with itself k 
times. Let Wk denote w(w o T) (icoT 2 ) • • • (tcoT*” 1 ) so that W k i = Wfe(foT) fc . 

§2. Class A composition operators 

Let B(H) denote the Banach algebra of all bounded linear operators on a Hilbert space H. 
An operator T £ B(H) is said to be hyponormal if T*T > TT*, T is said to be p-liyponormal [2] 
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if ( T*T) p - (TT*) P > 0 , 0 < p < 1. For a p-hyponormal operator T = U\T\ Aluthge introduced 
the operator T= iTj 1 / 2 U ITI 1 / 2 which is called Aluthge transformation and Aluthge showed 
very interesting results on T . The operator T is said to be w - hyponormal [3] if | T \ > \T\ > 

| T*\. T is paranormal if ||T 2 x || ||x|| > ||Ta;|| 2 ; T is quasihyponormal if ||T*T|| < ||T 2 x|| for all 
x in H or equivalently T* 2 T 2 - (T*T) 2 > 0. 

An operator T belongs to class A [7] if |T 2 | > |T| 2 . Furuta, Masatoshi Ito and Takeaki 
Yamazaki have characterized class A operators as follows. An operator T belongs to class A if 
and only if (T* | T\ 2 T) X I 2 > T*T. 

§3. Previous results on M-paranormal composition opera- 
tors 

Panayappan and Veluchamy [9] have characterized M-paranormal composition operators 
as follows. 

Theorem 3.1. Let Ct € B(L 2 (A). Then Ct is M-paranormal if and only if M 2 ho + 2kfo 
+ k 2 > 0 a.e., for all k £ R, where /o is the Radon-Nikodym derivative of AT -1 with respect 
to A and ho is the Radon-Nikodym derivative of A(ToT) -1 with respect to A. 

Also Panayappan [8] generalized the above result to the weighted composition operators 
as follows. 

Theorem 3.2. W is M-paranormal if and only if M 2 li 2 E(w 2 )oT -2 > h 2 [E(w 2 ) oT -1 ] 2 

a.e.. 

The aim of the paper is to characterize class A weighted composition operators and also 
to show that class A and paranormal operators coincide in the case of weighted composition 
operators. 



§4. Weighted class A composition operators 

Theorem 4.1. W is of class A if and only if h 2 E(w|)oT -2 > h 2 [ E(w 2 )oT -1 ] 2 a.e.. 
Proof. We have, W k f = Wk(f° T fc ) and W* f = h^ E(wfcf)o T~ k 
and so W* 2 W 2 f = W* 2 (w 2 (foT 2 )) 

= h 2 E(w 2 2 foT 2 )oT- 2 
= hi E(w|)oT- 2 f. 

Also W*Wf = hE{w 2 ) or 1 /. 

Then W is of class A 

<£=> (W* |W| 2 W) 1 / 2 > W *W 

that is (W* |W| 2 W) > (W*W) 2 

if and only if (W*(W*W)W) >(W*W) 2 

<=> W* 2 W 2 > (W*W) 2 

4=> ( (W* 2 W 2 - (W*W) 2 )f, f) ) > 0 for every f € E 

<*=> f h 2 E(w 2 )oT -2 - (h E(w 2 )oT -1 ) 2 |f| 2 dA > 0 for every E € E 

h 2 E(w|)oT -2 > h 2 (E(w 2 )oT -1 ) 2 a.e. 
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Theorem 4.2. Let W be a weighted composition operator with weight w > 0. Then the 
following are equivalent 

(i) W is paranormal; 

(ii) W is class A ; 

(iii) W is quasihyponormal. 

Proof, (i) => (ii) 

Suppose W is paranormal. Then by Theorem 2.3 [8] 

/i 2 E(w|)oT -2 > h 2 (E(w 2 )o T -1 ) 2 a.e. 

W is class A. 

(ii) =Kiii) 

Suppose W is class A. Then by Theorem 4.1, I 12 E(w 2 2 )oT~ 2 > h 2 (E(w 2 ) oT -1 ) 2 a.e.. 
Therefore by Corollary 2.2 [8], W is quasihyponormal. 

(iii) => (i) 

Suppose W is quasihyponormal, then 
/12 E[w 2 ) o T~ 2 > h 2 (E(w 2 ) o T -1 ) 2 a.e. 

Therefore by Corollary 2.4, [8], W is paranormal. 
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§1. Introduction and preliminaries 

In the existing literature, it can be seen that, most of classical differential geometry topics 
have been extended to Lorentzian manifolds. In this process, generally, researchers used a 
standard moving Frenet frame. Some of kinematical models were adapted on this moving 
frame, due to tranformation matrix among derivative vectors and frame vectors. Thereafter, 
researchers aimed to have an alternative frame for curves and other applications. Bishop frame, 
which is also called alternative or parallel frame of the curves, was introduced by L.R. Bishop 
in 1975. And, this frame have been used in many research papers, in classical manner or 
Lorentzian manifolds, etc. 

In this work, we consider a space-like curve with a space-like binormal. Then, with the 
notion of Bishop frame, we investigate position vectors of some special space-like curves in 
Minkowski space Ef. 

To meet the requirements in the next sections, here, the basic elements of the theory of 
curves in the space Ef are briefly presented. (A more complete elementary treatment can be 
found in [2] and [4].) 

The Minkowski 3-space Ef is the Euclidean 3-space E 3 provided with the standard flat 
metric given by 

(, ) = — dx\ + dx\ + dx%, 

where {x\,X 2 ,x^) is a rectangular coordinate system of Ef. Since (,) is an indefinite metric, 
recall that a vector v £ Ef can have one of three Lorentzian characters: it can be space-like 
if (v,v) > 0 or v = 0, time-like if (v,v) < 0 and null if (v,v) = 0 and v ^ 0. Similarly, an 
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arbitrary curve ip = tp(s) in Ef can locally be space-like, time- like or null (light-like), if all of its 
velocity vectors ip' are respectively space-like, time-like or null (light-like), for every s £ I C R. 
The pseudo-norm of an arbitrary vector a £ Ef is given by ||a|| = y/|(a, a)|. ip is called an unit 
speed curve if velocity vector v of ip satisfies ||u|| = ±1. For vectors v,w € Ef it is said to be 
orthogonal if and only if (v, w) = 0. 

Denote by {T,N,B} the moving Frenet frame along the curve ip in the space Ef. For a 
space-like curve <p with first and second curvature, k and r in the space Ef , the following Frenet 
formulae are given in [4]. 

Let tp be a space-like curve with a space-like binormal, then the Frenet formulae read 



■ T , - 




l 

O 

se 

0 

1 




’ T ' 


N' 


= 


K 0 T 




N 


. B ' 




_ 0 T 0 




B _ 



where 

(N, N) = — 1, (T, T) = (B, B) = 1, 
(T, N) = (T, B) = ( T , N) = {N, B) = 0. 



The Bishop frame is due to L.R. Bishop [3]. This frame or parallel transport frame is an 
alternative approach to defining a moving frame that is well defined even the space-like curve 
with a space-like binormal has vanishing second derivative [1]. He used tangent vector and any 
convenient arbitrary basis for the remainder of the frame. Then, the Bishop frame is expressed 
as [1] 



where 



T' ' 




1 

O 

1 

to 




T 


N[ 


= 


0 

0 




Ni 


K _ 




1 

to 

O 

O 

1 




. N 2 . 



k(s) = Vl fc i - k ll T ( s ) = 

9(s) = argtanh ^ 



dO 

ds 



(2) 



(3) 



Here, we shall call k\ and fc 2 as Bishop curvatures. 



§2. Main results 

Let ip = ip( s ) be a space-like curve with a space-like binormal. We can write position 
vector with respect to Bishop frame as 

ip = ip(s) = "/T + SNi + XN 2 . (4) 

Differentiating both sides of (4) and considering system (2), we have a system of differential 
equation as follows: 

y + ski + a& 2 — i = o 

S' + 7&i = 0 (5) 

A' — 7/C2 = 0 
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This system of ordinary differential equations is a characterization for the curve ip = ip(s). 
Position vector of a space-like curve can be determined by means of solution of it. However, 
general solution have not been found. Owing to this, we give some special values to components 
and Bishop curvatures. 

Case I. 7 = 0. In this case ip = ip(s) lies fully in NiN 2 subspace. Thus, we have other 
components 



6 = constant = ci 
A = constant = C2 



( 6 ) 



System (5) and (6) yield the following linear relation among Bishop curvatures 



C 1&1 T C 2 k 2 — 1 — 0. 



(7) 



Since, we immediately arrive the following results. 

Theorem 1. Let ip = ip(s) be a space-like curve with a space-like binormal and lies fully 
in A 7 , N 2 . 

i) If one the second and third components of the position vector of ip on Bishop axis is 
zero, then ip transforms to a line. 

ii) There is a relation among Bishop curvatures as (7). 

iii) Position vector of ip can be written as 

ip = ip(s) = C 1 N 1 + c 2 N 2 . (8) 

Case II. 5 = constant 7 ^ 0. In this case, first we have by (5)2 7 = 0 and A = constant. 
Suffice it to say that this case is congruent to case I. 

Case II. a. Let us suppose 5 = 0. Thus, 7 = 0 and A = constant, and so k 2 is constant. 
This case yields a line equation as follows 

ip = ip(s) = A N 2 . (9) 

Case III. The case A = constant 7 ^ 0 is also congruent to case I. 

Case III. a. A = 0. Then, we easily have k\ and S are constants. This result follows a 
line equation as 

ip = ip(s) = SNi. ( 10 ) 
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§1. Introduction and results 



The classical gamma function 

COO 

T(a;) = / t x ~ 1 e~ t dt ( x > 0) 

J o 



is one of the most important functions in analysis and its applications. The logarithmic deriva- 
tive of the gamma function can be expressed in terms of the series 

1 1 



, r'(z) ^ 

V ' 71=0 



1 + n x + n 



(i) 



(x > 0; 7 = 0.57721566490153286- • • is the Euler’s constant), which is known in literature as 
psi or digamma function. We conclude from (1) by differentiation 



C.XJ i 

= (-l)‘ +1 c £ , )t+1 (^>0; *=1,2,.-.) 

n=0 



(2) 



ip^ are called polygamma functions. 

H. Mine and L. Sathre [1] proved that the inequality 



n \fn\ 

n + T < "+{/(n + l)! 



( 3 ) 



is valid for all natural numbers n. The inequality (3) can be refined and generalized as (see [2], 

[ 3 ], [ 4 ]) 

/ n+k \ V" / /n+m+k \ V(«+™) 



n + k + 1 
n + m + k + 1 



< 



n * 

G=fc+ 1 J 



n * 

i=k+i j 



< 



n + k 

n + m+k 1 



( 4 ) 



1 The first author was supported in part by Natural Scientific Research Plan Project of Education Department 
of Henan Province #2008 A1 10007, and Project of the Plan of Science and Technology of Education Department 
of Henan Province #2007110011. 
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where k is a nonnegative integer, n and to are natural numbers. For n = m = 1, the equality 
in (4) is valid. The inequality (4) can be written as 



n + k + 1 



< 



[r(n + fc + i)/r(fc + i)] 1/ra 

l/(n+m) 



n+m+k+1 [r(n + TO+fc + l)/r(fc + l)] 



< 



n + k 
n + to + k 



( 5 ) 



In 1985, D. Kershaw and A. Laforgia [5] showed the function [T(l + -)] x is strictly decreasing 
and a;[r(l + 1 )] x strictly increasing on (0,oo), from which the inequalities (3) can be derived. 
In 2003, B. -N. Guo and F. Qi [2] proved that the function 



/(a 0 = 



[T{x + y+l)/T{y+ l)} 1 /* 
x + y + 1 



is decreasing in x > 1 for fixed y > 0, from which the left-hand side inequality of (5) can be 
obtained. 

In this paper, our Theorem 1 considers the monotonicity and logarithmic convexity of the 
function / on (0, oo). This extends and generalizes Guo and Qi’s result. 

Theorem 1. Let s > 0 be real number, then the function 



fix) = 



[r(a; + s + l)/r(s + l)] 1 / x 



x + s + 1 

is strictly decreasing and strictly logarithmically convex on (0,oo). Moreover, 
lim f(x) = e^ s+1 V(s + 1) and lim f(x) = e -1 . 

x — >0 x — xx) 

Theorem 2. Let s > 0 be real number, then the function 

[r(a; + s+l)/r(s+l)] 1 / x 



g{x) = 



y/x + S + 1 



is strictly increasing on (0,oo). 

The following corollaries are obvious. 

Corollary 1 . Let s > 0 be a real number, then for all real numbers x > 0, 



e _! [r(z + s + l)/r(s + l)] 1/x 



x + s + 1 



(s + 1)' 



(6) 



Both bounds in (6) are best possible. 

Corollary 2. Let a > 0 and s > 0 be real numbers, then for all real numbers x > 0, 



x + s + 1 



< 



[r(a; + s+l)/r(s+l)] 1 / x 



< 



x + a + s + 1 [r(x + a + s + 1)/T(s + l)] 1 /( a; + Q ) 

In particular, taking in (7) x = n, s = 0 and a = 1, we obtain 

n + l 



x + s + 1 
x + a + s + 1 ' 



< 



< 



n + 2 n + $/(n + 1)! V n + 2 



n+l 



( 7 ) 



(8) 



The inequality (8) is an improvement of (3). 
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§2. Proof of the theorems 



Proof of Theorem 1. Define for x > 0, 



, , 2f'i x ) 

“ (l) = x 7w 



r(x + 5 + 1) , . 

= — In — — ~ — + x^{x + 5 + 1) — 



K x ) = 



, d 2 [lnf(x)] 

dx 2 



= 2 In 



r (s + 1) 

r(x + s + 1) 



r(s + i) 



X + s + 1 ’ 
— 2xxp(x + s + 1) 



+ x 2 i\)\x + s + 1) + 



(x + s + l) 2 ' 



Differentiation of u(x) gives 



-u'(x) = ip* (x + s + 1) 1 - , 

X x + s + 1 (x + s+lj^ 



= E 



1 



=1 ( x + s + n )‘ n=1 



-E 



-E 

n=l 

oo 

= -E 



s + 1 



x+s+n x+s+n+1 
s + 1 



n—1 

oo 



(x + s + n ) 2 (x + s + n + l) 2 

s 1 



s + 1 



= -E 



(x + s + n) 2 (x + s + n)(x + s + n + 1) (x + s + n + l) 2 _ 
(2s + l)(x + s + n) + s 



(x + s + n) 2 (x + s + n + 1) : 



< 0. 



Hence, the function u(x) is strictly decreasing and u(x) < «(0) = 0 for x > 0, which yields the 
desired result that f(x) < 0 for x > 0. 

Using the asymptotic expansion [6, p. 257] 



InlYx) = (x — lnx — x + In V2n + — — I- 0(x 3 ) (x — > oo), 
V 2/ 12x 



we conclude from 



In fix) 



1 

x 



[lnT(x + s + 1) — lnT(s + 1)] — ln(x + s + 1) 



(9) 



that 



lim /(x) = e 

x — ^OO 



By L’ Hospital rule, we conclude from (9) that 
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Differentiation of v(x) yields 



1 



—v '(x) = Ip"(x + s + 1) + 



1 



2(3 + 1) 



= -V ? ry + V 

2 -— ' (x + S + n ) 3 2 -— ' 

n—1 v 7 n = 1 



(x + s + l) 2 (x + s + l) 3 

1 1 






2(3 + 1) 

(x + s + n) 3 (x + s + n + 1) 3 



(x + s + n) 2 (x + s + n + 1) 2 
2(3 + 1) 



= £ 



3(2s + l)(x + s + n) 2 + (6s + l)(x + s + n) + 2s 
(x + s + n) 3 (x + s + n + l) 3 



> 0. 



Hence, the function v(x) is strictly increasing and v(x ) > ■u(O) = 0 for x > 0, which yields the 
desired result that d > 0 for x > 0. 

Proof of Theorem 2. Define for x > 0, 



>9'(x) 



r(x + s + 1) 



p (x) = x 2 :J = — In " v " ' “ ' + xip(x + s + 1) — 



9(x) 

Differentiation of p (x) gives 



r (s + l) 



2(x + s + 1) 



1 t / \ ,// f s + 1 

-P (x)= 1 p (x + s+ 1) - - 

x 2(x + s+l) 2(x + s+l)“ 



= £ 



i 



i 



s + 1 



> 



^ (x + s + n) 2 2(x + s + 1) 2(x + s+l) 2 

dt 1 s + 1 



'i (x + s + 1) 2 2(x + s + 1) 2(x + s+l) 2 

x 

> 0 . 



2(x + s + l) 2 

Hence, the function p (x) is strictly increasing and p (x) > p (0) =0 for x > 0, which yields the 
desired result that g'(x) > 0 for x > 0. 
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Abstract In this paper, we will introduce some kind of algebras which is called KU-algebras. 
We define ideals and study congruences on KU-algebras, and also investigate some related 
properties. 

Keywords ideals, congruences, KU-algebras 



§1. Preliminaries 

Several authors ( [1] , [2] , [3] , [4] , [5] ) introduced some structures of algebras such as BCK, BCC 
and BCI-algebras. In [2], C.S. Hoo introduced the notions of filters and commutative ideals 
in BCI-algebras. [1] and [3] introduced a concept of ideals in BCC and BCK-algebras. W. A. 
Dudek and X. Zhang gave connections between ideals and congruences in BCC-algebras. The 
objective of this paper is to introduce KU-algebras and also study ideals and congruences in 
KU-algebras. Moreover, we investigate some of its properties. 

By an algebra G = (G, - , 0) we mean a non-empty set G together with a binary operation, 
multiplication and a some distinguished element 0. In the sequel a multiplication will be denoted 
by juxtaposition. 

Definition 1 . An algebra G = (G, -, 0) is called a KU-algebra if it satisfies the following 
conditions: 

(1) (xy)((yz)(xz)) = 0 

(2) Ox = x, 

(3) xO = 0, 

(4) xy = 0 = yx implies x = y 
for all x,y,z G G. 

By (1), we get (00) ((Ox) (Ox)) = 0. It follows that xx = 0 for all x £ G. And if we put 
y = 0 in (1), then we obtain z(xz) = 0 for all x,z £ G. 

Example 1. Let G = {0, 1,2,3} and H = {0,1,2, 3,4}. Let the multiplication of G and 
H be defined by Table 1 and Table 2 respectively. Then it is easily checked that G and H are 
KU-algebras. 
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Table 2. 



§2. Ideals 

Definition 2. Let A be a non-empty subset of a KU-algebra G. Then A is said to be an 
ideal of G if it satisfies the following conditions: 

(i) 0 € A, 

(ii) for all x,y,z £ G, x{yz) £ A and y £ A imply xz £ A. 

Example 2. In example 1, let A = {0,2} and B = {0,1} be subsets of a KU-algebra H. 
Then A is an ideal of H but B is not an ideal of H. 

Putting x = 0 in Definition 2 we obtain the following Proposition: 

Proposition 1. Let A be an ideal of a KU-algebra G. Then for all x,y £ G, xy £ A and 
x £ A imply y £ A. 

Definition 3. Let (G, -,0) be a KU-algebra. Then a non-empty subset S of G is said to 
be a KU-subalgebra of G if (S, •, 0) is KU-algebra. 

Note that S is a KU-subalgebra of G if and only if xy £ S for all x, y £ S. 

Proposition 2. Let A be an ideal of KU-algebra G. Then A is a KU-subalgebra of G. 

Proof of Proposition 2. Let x,y £ A. Then (a;0)((0j/)(a;?/)) = 0. Hence y(xy) £ A. 
Since A is an ideal of G and y £ A, xy £ A. Therefore, A is a KU-algebra of G. 

Proposition 3. Let G be a KU-algebra and A a non-empty subset of G with 0. Then A 
is an ideal of G if and only if x £ A, yz ^ A imply y(xz) ^ A for all x,y,z £ G. 

Proof of Proposition 3. Let A be an ideal of G and let x £ A, yz ^ A. Suppose that 
y{xz) £ A. Since A is an ideal, yz £ A, a contradiction. 

Conversely, assume that x £ A, yz £ A imply y(xz) ^ A for all a :,y,z £ G. Let x,y,z £ G 
be such that x(yz) £ A and y £ A. It is clear that xz £ A. 
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Corollary 1 . Let G be a KU-algebra and A a non-empty subset of G with 0. Then A is 
an ideal of G if and only if x £ A, y ^ A imply yx ^ A for all x,y £ G. 

On KU-algebra ( G , •, 0). We define a binary relation < on G by putting x < y if and only if 
yx = 0. Then (G; <) is a partially ordered set and 0 is its smallest element. Thus a KU-algebra 
G satisfies conditions: ( yz){xz ) < xy , 0<x,x<y<x implies x = y. 



§3. Congruences 

In this topic, we describe congruences on KU-algebras. We start with the following: 

Definition 4. Let A be an ideal of KU-algebra G. Define the relation ~ on G by 

x ~ y iff xy £ A and yx £ A 

Theorem 1. If A is an ideal of KU-algebra G, then the relation ~ is a congruence on G. 

Proof of Theorem 1. It is clear that this relation is reflexive and symmetric. Let 
x, y, z £ G be such that x ~ y and y ~ 2 . Then xy , yx , yz, zy £ A and (xy)((yz)(xz)) = 0 £ A. 
By Proposition 1, xz £ A. Similarly, (zy)((yx)(zx) = 0 £ A. Thus x ~ z. Therefore, ~ is an 
equivalence relation. 

If x ~ u and y ~ v for x, y,u,v £ G, then xu, ux, yv, vy £ A and ( xu)((uy)(xy )) = 0 £ A. 
By Proposition 1, {uy){xy) £ A. Similarly ( xy)(uy ) £ A. Thus xy ~ uy. On the other hand 
{uy){{yv)(uy)) = 0 £ A and yv £ A imply ( uy){uv ) £ A. Similarly, if ( uv){{vy)[uy )) = 0 £ A 
and vy £ A we obtain ( uv)(uy ) £ A. Thus uy ~ uv. Since ~ is transitive, xy ~ uv. Hence ~ 
is a congruence. 

Proposition 4. If ~ is a congruence on a KU-algebra G, then Go = {x £ G \ x ~ 0} is an 
ideal of G. 

Proof of Proposition 4. Obviously 0 £ Go- If a '-(yz) £ Go and y £ Go, then x(yz) ~ 0 
and y ~ 0. Since x ~ x and z ~ z, x(yz) ~ x(Qz). Thus xz ~ 0. Hence xz £ Go- So Go is an 
ideal of G. 

Let ~ be a congruence relation on a KU-algebra G and let C x = {y £ G \ y ~ x}. Then 
the family {C x : x £ G} gives a partition of G which is denoted by G/^. For any x,y £ G, we 
define C x *C y = C xy . Since ~ has the substitution property, the operation * is well-defined. It 
is easily checked that (G/^, *,G 0 ) is a KU-algebra. 

Definition 5. Let (G, -,0) and (Lf, *, 0) be KU-algebras. A homomorphism is a map 
f : G —> H satisfying f(x ■ y) = f(x) * f(y) for all x,y £ G. An injective homomorphism is 
called monomorphism and a surjective homomorpism is called epimorphism. 

The kernel of the homomorphism /, denoted by ker /, is the set of elements of G that map 
to 0 in H. 

If / is a homomorphism from a KU-algebra G into a KU-algebra H, then we define kernel 
ker / = / -1 (0) as in [1] and we can prove the following result: 

Theorem 2. Let G be a KU-algebra and A an ideal of G. Let G/^ be a KU-algebra 
determined by A. Then the canonical mapping / : G — > G_ ~ defined by f(x) = C x is an 
epimorphism and ker / is an ideal of G. 
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Proof of Theorem 2. Let x, y £ G. If x = y, then C x = C y . Thus f{x) = f{y). Since 
f{xy) = C xy = C x *C y = f(x)*f(y), f is a homomorphism. Let C x £ G/„- We get f(x) = C x . 
That is / is an epimomorphism. 

Since /( 0) = C 0 , ker / ^ <j>. If x(yz) €ker / and y eker /. Then f(x(yz)) = f(y) = C 0 . 
Thus C 0 = f(x) * ( f{y ) * f(z)) = f(x) * (C 0 * f(z)) = f(x) * f(z) = f(xz). Thus xy eker /. It 
follows that ker / is an ideal of G. 
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§1. Introduction 

H.Weyl [22] examined the spectra of all compact perturbations of a hermitian operator on 
Hilbert space and found in 1909 that their intersection consisted precisely of those points of the 
spectrum which were not isolated eigenvalues of finite multiplicity. This “ Weyl’s theorem ” has 
since been extended to hyponormal and to Toeplitz operators ( Coburn [8] ), to seminormal and 
other operators ( Berberian [2], [3] ) and to Banach spaces operators ( Istratescu [11], Oberai 
[17] ). Variants have been discussed by Harte and Lee [10] and Rakocevic [18], M.Berkani and 
J.J.Koliha [6]. In this note we show how generalized Weyl’s theorem follows from the equality 
of the Drazin spectrum and a variant of the Weyl’s spectrum. 

Recall that the “ Weyl’s spectrum ” of a bounded linear operator T on a Banach space X 
is the intersection of the spectra of its compact perturbations: 

n = Ri cr(T + K) : K £ K(X)} . (1) 

Equivalently A € <J W (T) iff T — XI fails to be Fredholm of index zero. The “ Browder spectrum 
” is the intersection of the spectra of its commuting compact perturbations: 

a b (T) = p|MT + K) : K G K(X) D comm(T)} . (2) 

Equivalently A G crb(T) iff T— XI fails to be Fredholm of finite ascent and descent. “ the Weyl’s 
theorem holds ” for T iff 

a(T)\a w (T) = tt 00 (T) , (3) 

where we write 

7t 0 o(T) = {A G iso a(T) : 0 < dim N(T — XI) < oo} (4) 

for the isolated points of the spectrum which are eigenvalues of finite multiplicity. Harte and 
Lee [10] have discussed a variant of Weyl’s theorem: “ the Browder’s theorem holds ” for T iff 



cr(T) = <j w (T) U 7t 0 o(T) • 



( 5 ) 
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What is missing is the disjointness between the Weyl spectrum and the isolated eigenvalues of 
finite multiplicity: equivalently 

& W (T) = a b {T) . (6) 

For a bounded linear operator T and a nonnegative integer n define TLi to be the restriction 
of T to R(T n ) viewed as a map from R(T n ) into R(T n ) ( in particular Tj 0 ] = T). If for 
some integer n the range space R(T n ) is closed and Xj n ] is upper (resp.a lower) semi-Fredholm 
operator, then T is called an upper (resp. lower) semi-B-Fredholm operator. Moreover if is 
a Fredholm(Weyl or Browder) operator, then T is called a B-Fredholm (B-Weyl or B-Browder) 
operator. Similarly, we can define the upper semi-B-Fredholm, B-Fredholm, B-Weyl, and B- 
Browder spectrums a sf + {T), ctbf(T ), ctbw(T), (Jbb(T). A semi-B-Fredholm operator is an 
upper or a lower semi-B-Fredholm operator. 

(See [14]) Let T € B(X ) and let 

A (T) = {n g N : Vm e N, to > n =► [R{T n ) n N{T)} C [. R(T m ) n N(T)]}. 

Then the degree of stable iteration dis(T) of T is defined as dis(T) = inf A (T). 

Let T be a semi-B-Fredholm operator and let d be the degree of the stable iteration of T . 
It follows from [4, Proposition 2.1] that if Tj^ is a semi-Fredholm operator, and md(Tj m ]) = 
md(T[(j]) for each m > d. This enables us to define the index of a semi-B-Fredholm operator T 
as the index of the semi-Fredlrolm operator TA . 

In the case of a normal operator T acting on a Hilbert space, Berkani [5, Theorem 4.5] 
showed that 

<?bw(T) = a(T)\E(T), 

E(T) is the set of all eigenvalues of T which are isolated in the spectrum of T. This result gives 
a generalization of the classical Weyl’s theorem. We say T obeys generalized Weyl’s theorem if 
a BW {T) = a{T)\E(T){ [6, Definition 2.13]). 

In this paper, we describe Browder’s theorem and generalized Weyl’s theorem using two 
new spectrum sets which we define in section 2. 

§2. Browder’s theorem and generalized Weyl’s theorem 

Using Corollary 4.9 in [9], we can say that <jbb(T) = ctd(T), where ctd{T) = {A £ cr(T) : A 
is not a pole of T }. We call <Jd{T) the Drazin spectrum of T. We can prove that the Drazin 
spectrum satisfies the spectral mapping theorem, and the Drazin spectrum of a direct sum is 
the union of the Drazin spectrum of the components. 

In this section, our first result is: 

Theorem 2.1. Browder’s theorem holds for T if and only if ubw(T ) = ctd(T). 

Proof. Suppose that Browder’s theorem holds for T. We only need to prove that <td(T) C 
cjbw{T). If Ao is not in <jbw(T ), then T—XqI is B-Weyl operator, and, in particular, an operator 
of topological uniform descent. [7, Remark iii] asserts that there exists e > 0 such that T — XI 



60 



Junhong Tian and Wansheng He 



No. 1 



is Weyl if 0 < |A — Ao| < e. Since Browder’s theorem holds for T, it follows that T — XI is 
Browder operator if 0 < |A — Ao| < e. Then Ao is a boundary of cr(T). [9, Corollary 4.9.] tells 
us that Ao is not in ajj(T). Conversely, Suppose that ctbw{T ) = &d(T). We need to prove 
that <Jb(T) = a w (T). Suppose that T — Ao I is Weyl. Then Ao is not in ctd(T), which means 
that Ao £ iso<j(T). Thus T — Ao I is Browder. This proves that Browder’s theorem holds for T. 

Theorem 2.2. If Browder’s theorem holds for T £ B{X ) and S £ B(X), and p is a 
polynomial, then Browder’s theorem holds for 

p(T) p(<j B w(T)) = a B w(p(T)); 



Browder’s theorem holds for 

T © S ctbw(T © S) = ubw(T ) U <jbw(S). 

Proof. Browder’s theorem holds for p(T) if and only if (Jbw{p{T )) = <td{p(T)) = 
p(ctd(T)) = p{<jbw{T )) and Browder’s theorem holds for T © S if and only if ctbw{T © S) = 
&d{T © S) = <td(T) U ctd{S) = <tbw(T) U <jbw(S). 

Theorem 2.3. If T £ B{X), then 

ind(T — XI)ind(T — pi) > 0 for each pairA,/z £ C\a e (T) 



if and only if 

p(<Jbw(T)) = cr B w(p(T)) for each polynomial p. 

Proof. By [7, Remark iii], ind{T — \I)ind(T — pi) > 0 for each pair A, p £ C\a e (T) if 
and only if ind(T — XI)ind(T — pi) > 0 for each pair A, p £ C \aBF{T). From [7, Corollary 3.3] 
and [5, Theorem 3.2], the spectral mapping theorem for the B-Weyl spectrum may be rewritten 
as the implication, for arbitrary n £ N and A , £ C, 

(T - Ai I){T - X 2 I) • ■ ■ (T — A n l) B - Weyl => T ~ A,/ B - Weyl for each j = 1, 2, • • • , n. 

Now if ind(T — XI) > 0 on C\(Tbf(T), then we have 

n n 

ind(T — Xjl) = ind JJ(T — Xjl) = 0 => ind(T — Xjl) = 0 (j = 1,2,--- , n), 
i = i o = i 

and similarly if ind(T — XI) < 0 on C\obf{T). If conversely there exist A, p £ C \a e (T) for 
which ind(T — XI) = —to < 0 < k = ind(T — pi), then p(T) = (T — A I) k (T — pl) m is a Weyl 
operator whose factors are not B-Weyl. It is a contradiction. The proof is completed. 

We turn to a variant of the Weyl spectrum, involving a condition introduced by Saphar 
[20] and the “ zero jump ” condition of Kato [12]. Let: 

Pi(T) = {X £ C : there exists e > 0 such that T — pi is Weyl and 

OO 

N{T -pl)c R[(T - pl) n } if 0 < \p - A] < e} 

n= 1 

and let Pd (T) = C\a D {T), p(T) = C\a(T), a^T) = C\ Pl (T). Then p(T) C p D (T) C Pl (T). 
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T is called isoloid if A G isoa(T ) => N(T — XI) ^ {0}. 

Theorem 2.4. T G B(X) is isoloid and generalized Weyl’s theorem holds for T if and 
only if <ti (T) = a D (T). 

Proof. Suppose T is isoloid and generalized Weyl’s theorem holds for T. We only need to 
prove <Jd(T) C cti(T). Let Ao G &d{T) and suppose Ao G pi{T). Then there exists e > 0 such 

OO 

that T — XI is Weyl and N(T — XI) C p) R[(T — X I) n ] if 0 < | A — A 0 | < e. Since generalized 

n= 1 

Weyl’s theorem implies Weyl’s theorem for T ([6, Theorem 3.9]), it follows that T — XI is 

OO 

Browder and therefor N(T — XI) = N(T — XI) D f~) R[(T — AJ) n ] = {0} for 0 < | A — A 0 1 < e, 

n—1 

which means that T — XI is invertible if 0 < | A — Ao | < e. Then Ao is an isolated point in cr(T). 
Thus Ao G E{T) = ct(T)\<jbw(T) because T is isoloid. [9, Corollary 4.9] asserts that Ao is not 
in ajj(T), it is a contradiction. 

Conversely, Suppose <ti(T) = <jd(T ). By E(T) C pi(T) = pn{T), we get E(T) C 
(j(T)\ctbw{T). Conversely, let Ao G <j(T)\<jbw(T), that is T — Ao I is B-Weyl, then there 

OO 

exists e > 0 such that T — XI is Weyl and N(T — XI) C p| R[{T — A/)"] if 0 < |A — Ao | < e, 

71—1 

then Ao G p\(T) = pd(T). Thus Ao G E(T). In the following, we will prove T is isoloid. Let 
Ao G isocr(T ), then Ao G piiT) = pn{T), thus Ao is a pole of T, so N(T — Ao I) / {0}, which 
means that T is isoloid. 

Corollary 2.5. Suppose T,S G B(X) are all isoloid. If generalized Weyl’s theorem holds 
for T and S and if p is a polynomial, then generalized Weyl’s theorem holds for 

p(T) cri (p(T)) = pOi(T)) 

and generalized Weyl’s theorem holds for 

T®S^(n(T®S) =ct 1 (T)Ucti(S). 

Proof. If T and S are isoloid, then p(T) and T ® S are isoloid. Then generalized Weyl’s 
theorem holds for p(T) cri (p(T)) = ctd(p(T)) = p(<jd(T)) = p(a±(T)) and generalized 
Weyl’s theorem holds for T(BS <=>■ a\(T(BS) = <jd(T(BS) = ctd(T)U<jd(S) = ai(T)Uai(S). 

In the following, we suppose that H(T) ( H(a(T)) ) is the class of all complex- valued 
functions which are analytic on a neighborhood ( region ) of <r(T). 

Theorem 2.6. T G B(X), then 

ind(T — XI)ind(T — pi) > 0 for each pair A, p G C\a e (T) 

if and only if 

/MT)) C ^(/(T)) for any / G H(T). 



Proof. Suppose ind(T — A I)ind(T — pi) > 0 for each pair A ,/iG C \a e (T). For any / G 
H(T), let po G /(eri(T)) and suppose po = /(Ao), where Ao G cri(T). If po is not in <ti(/(T)), 

OO 

then there exists <5 > 0 such that f(T) — pi is Weyl and N{f(T) — pi) C f) R[(f(T) — pl) n ] 

71=1 
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if 0 < \p - p 0 \ < S. Then p £ p k (f(T)), where p k (f(T)) = {A £ C : R(f{T) - XI) is 

OO 

closed and N(f(T) — XI) C p| R[(f(T) — A/)"]}, which is defined by T.Kato in [14]. In the 

n= 1 

following we will prove that Ao £ Pi{T). By continuity of /(A), there exists e > 0 such that 
0 < | f(K) - /(A 0 )| = |/(Aq) - p 0 \ < S if 0 < |Ag - A 0 | < e- Then f(T) - f(X' 0 )I is Weyl and 

OO 

N(f(T) - f(X' 0 )I) C n R[(f(T) - /(Aq)J) 71 ]. Thus /( A' ) is not in a k (f(T)) = f(a k (T)) ([21, 

n—1 

oo 

Satz 6]). So Aq £ Pk(T), which means that N(T—XqI) C p| R[(T— Ag/) n ]. Clearly, A 0 is not an 

n—1 

isolated point of <x(T). Suppose Ag £ cr(T) satisfies 0 < |Ag — A 0 | < e. Let h( X) = /(A) — /(Ag). 
Then h( A) ^ 0 for all A £ a k (T). Clearly, h has zeros in cr(T). [21, Satz 3] asserts now that h 
has only a finite number of zeros in a(T). Let Ag , A( ,• • • , X' m be these zeros (A,; ^ X j for i ^ j) 
and no, n i, 11 , 2 , • • • , n m be their respective orders. Then we can denote f(T) — f(X' 0 )I by 

f(T) - f(X' 0 )I = (T - Ag/) n °(T - X'JT' • • • ( T - X' m I) n ™g(T) , 

where g(T) is invertible and A i ^ X 7 for i,j = 0,1,2,--- ,to. Since f(T) — f{X' 0 )I is Weyl, it 

m 

follows that T — A'/ is Fredholm and 0 = ind[f(T) — f(X' 0 )I] = *nd(T — A'/) n; . Thus T — X[I 

2—0 

is Weyl. We now get that there exists e > 0 such that T — X' 0 I is Weyl and N(T — X' 0 I) C 

OO 

H R[(T — Ag I) n ) if 0 < | Aq — Ao| < e. Then Ao £ Pi(T). It is in contradiction to the fact 

n—1 

A 0 £ <n (T). Then f{a x {T)) C cr 1 (f(T)) for any / £ H(T). 

For the converse, if there exist A, p £ C \a e (T) for which ind(T — XI) = —m < 0 < k = 
ind{T - pi), let /(T) = (T — A I) k {T - pl) m . Then 0 £ /(cti(T)) but 0 is not in cti(/(T)). It 
is a contradiction. The proof is completed. 

Corollary 2.7. If T £ B(X) is isoloid and generalized Weyl’s theorem holds for T, then 
the following statements are equivalent: 

(1) ind(T — XI)ind(T — pi) > 0 for each pair A, p £ C\a e (T)-, 

(2) a B w(f(T)) = f(a B w(T)) for every / £ H{a(T))\ 

(3) generalized Weyl’s theorem holds for f(T) for every / £ H(cr(T))-, 

(4) cr 1 (f(T)) = /(ct 1 (T)) for every / £ H(a(T)). 
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Abstract In this study two parameter motion is given by using the rank of rotation matrix 
in Lorentzian space. It is shown locus of instantaneous screw axis is a ruled surface at any 
position of (A, /r) = (0,0). 
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§1. Introduction and preliminaries 

Let IR n = {(ri,r 2 ,--- ,r n ) | ri,r 2 , ...,r„ € IR}be a n — dimensional vector space, r = 
(ri, r- 2 , ■ ■ ■ , r n ) and s = (si, S 2 , • • • , s n ) be two vectors in IR n , the Lorentz scalar product of r 
and s is defined by 

(r, s) L = -ttsi + r 2 s 2 H \~ r n s n . 

L n = (IR n , (,) L ) is called n— dimensional Lorentz space, or Minkowski n— space. We denote 
L n as ( IR ”, (, ) L ) . For any r = (ri, r 2 , r 3 ), s = (si, S 2 , S 3 ) € L 3 , in the meaning Lorentz vector 
product of r and s is defined by 

r A L s = (r 2 s 3 - r 3 s 2 , ris 3 - r 3 Si, r 2 Si - ris 2 ) , 

where e\ Al £2 = ^e 3 , e 2 A l e 3 = elector, a lightlike vector or a timelike vector if (r,r) L > 0, 
(r,r) L = 0 or ( r,r) L < 0 respectively. For r € L n , the norm of r defined by ||r|| L = y/\ (r, r)j~\, 
and r is called a unit vector if ||r|| L = 1 [5]. In the Minkowski n-space, the two parameter 
motion of a rigid body is defined by 

= A(\,n)X + (1.1) 

where A € SO(n, 1) is a positive semi orthogonal matrix, C € IR ™ is a column matrix, Y and 
X are position vectories of the same point B respectively, for the fixed and moving space with 
respect to semi orthonormal coordinate systems. The two parameter motion is given by (1.1), 
for (A, ii) = (0, 0), we have 



A(0,0) = A -1 (0,0) = A T (0,0) = I 
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and 

C(0,0) = 0. 

Then fixed and moving space is coincided. If A = X(t),/j, = /i(t), then one parameter motion is 
obtained from two parameter motion. Since A £ SO(n , 1), we have 



A T ( A, n)sA( A, /z)e = A(A, /z)eAl T (A, n)s = I ni where £ = 



-1 0 

0 1 

0 

0 



0 0 



. 0 

0 1 



For the sake of the short we shall take as A T ( A, fj) = A T and A(A, /z) = A. 

Definition 1. Taking the derivation with respect to t in equation Y( A,/z) = A(A,/z)X + 
C( A,/z) where let A = A (t) and /u = then it follows that 



Y = Y x X + 

A = A a A + Al^/z, 

c = C\X + G>, 

Y = AX + C + AX. 

So Y, AX+C, AX are called absolutely sliding and relative velocities of the point B has position 
vectories b , respectively. Let X be solution of system of Vf = AX + C = 0 and the solution 
is constant on the fixed and moving space at position t. These points X is called instantaneous 
pole points at every position t. 

Definition 2. If rank A = n — 1 = 7' be an even number on the two parameter motion 
given by equation l r (A, /Y) = Al(A, /Y)X + C( A, /z), then at any position of points the locus having 
a velocity vector with stationary norm is a line. The line is called instantaneous screw axis and 
denoted by I.S.A. [2]. Furthermore the moving space screw axis is defined by X = P + a E 
where P is a particular solution of equation AX + C = 0 and E represent a bases of solution 
space of homogeneous equation AX = 0. 



§2. The instantaneous screw axes of two parameter motions 

Theorem 1. Let A £ SO(n, 1) and let n be an odd number. Then the rank of A\ and 
A p are even. 

Proof. Since 



A T ( A, n)eA{ A, fi)s = A(A, h)eA t ( A, n)e = /„ 
and A(0, 0) = A T ( 0, 0) = /, then 



A\eA T £ + AeATe = 0,£ 2 = I n 
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A\ T eA^e — 0 

and 

A^eA e T AeA^e = 0 

Afi + sA^e = 0 . 

Thus A \ and A ^ are semi skew-symmetric matrices. Since n is an odd number it follows that 

detA> = 0, 

det^4 M = 0. 

Thus it must be rank (Aa) = r (even) and rank ( A = r (even). 

Theorem 2. Let A £ SO(n, 1). Then 

rank A xx =0 <t=> rank A x = 0 



and 



rank A^n = 0 4^ rankA fx = 0. 



Proof. Since 



A(A, ix)eA T (A, /r)e = /„ 

it takes derivation with respect to A, it follows that 



A\eA T £ + AeA x e = 0 

A\\eA e -f- A x eA x e T A x eA x £ T AeA xx e = 0 
A XX A T + 2 A x eA^e + AeA^ x e = 0. 

Since rank A\\ = 0, we get A\\ = 0 and A xx = 0. We have following that (2.1) 

A x eA x e = 0 =>■ A x eA^ = 0. 



(2.1) 



( 2 . 2 ) 



For every x £ IR\, we have 

(A x eAI)x t = ( 0)x t 
(A X £Al) x t = 0 
x [A x eA^ x t = 0 
{xA x )£(xA il ) T = 0. 

So that (xA x , xA x )l = 0 (from the non-degenere property), xA x = 0. Since it is true for every 
x £ IR^ , so we get A x = 0 and rank (Aa) = 0. It takes derivation with respect to fj, in the 
equation (2.1) similarly it follows that 

A^£A T £ + AeA^e = 0 , 

A^^eA^e + A^eA^e - f - A^eA^e + AeA^e = 0 , 

A^^eAl^ e + 2A^eA^ l e + AeA^e = 0 . 
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Since rank (A w ) = 0, we get A = 0 and A x = 0, thus we have 

A^eA^e = 0 => A^eA^ = 0. 

Since it is true for every x £ IRh, we have the following 

{\ eA l) xT = (°) xT 

(A,eAZ)x T = 0 
a; (A^eA^) x T = 0 
(a;A / _ tA )£(a;^ M ) T = 0. 

Hence 

(xA^^xA^l 0 

xA^ = 0. 

For every x £ IR\ it is true, we get A^ = 0 and rank (A^) = 0. Conversely it is obviously to 
see. 



§3. Special case n = 3 

Since A\ and A „ are semi skew-symmetric matrices especially 



’ 0 


k 


- J 2 




’ 0 


*3 -*2 


J 3 


0 


-h 


i A-n — 


*3 


0 — ii 


. ~h 


3 i 


0 




-*2 


1 

O 

•< s > 



Let = —eAjsjA^ = —sA X £. The equation X = A _1 (A, fi)Y(\, /x) is obtained from the 
equation of Y(X,/i) = A(X,n)X. By differentiating the equation Y( A,/i) = T(A,/r)X with 
respect to t , we have 

Y\X + Y^fj, = (h a A + X 

= (a^\ + A^jj^j A X (A, /.i)T(A, /Y). 

In the position (A, n) = (0, 0), we have 

YxX + Ypjj, = ^A\\ + A^iij Y(\, n) 

= VY( A,/*). 

Since A\ and A M are semi skew-symmetric matrices, we get 





0 


(kX + ki^j 


- (j2 A + 7 2 m) 


O = 


(.73 A + * 3 /i) 


0 


- (jiA + *i/i) 




- (j2 A + hil) 


(iiA + iijxj 


0 
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and also angular velocity matrix is an semi skew-symmetric. Since A matrix is semi orthogonal, 
we have the following equation 

A(A, h)eA t ( A, n)e = I. 

Now differentiating with respect to t, it follows that 

(A a A + A^fij eA t (X 1 n^jE + A(A, /i)e ^A^A + e = 0. 

For (A,/x) = (0,0), we obtain 

(a a A + A^jj^j + e ^AaA + A^^j e = 0. 

Since fl = A\X + A^jj,, it follows that 

f 1 + eVL t e = 0, 



where fl is semi skew-symmetric matrix. Since pole points which are the points of sliding 
velocity is zero given by 

V f = ^AaA + A^^j X + ^CAA + C>) 

is pole points of two parameter motion by 

^ (A, A 4 ) = A(A, A 4 )^ + C(X, n). 



The equation 



^AIaA + A^j^j X + ^CaA + C>) — 0 
can be solution it must be rank ^AaA + A^jj^J = rankfl = 2. It follows that 



(3.1) 



^ (A, k) — A(A, A 1 ) X + C( A, n) 

A{X^)X = Y{X^)-C{X, l i) 

A~\X^)A{X^)X = A~\ X,n) (Y( A, m ) - C{ A,/x)) 

X = A~ 1 ( A,a») (y(A,Ai)-C(A,M)). 

If we get write this value of X in the equation (3.1), we have 

(a a a + a>) [a-^a,^ (y(A,A*)-c r (A,Ai))] + (c x x + c^ = 0. 

In the position (A,/x) =(0,0), we have 

(AaA + A : (A, /x) = ^A a A + A^jaj = Q. 



And if we say 



Y(X,n)-C(X,n)=Y*(X,v), 



then the equation (3.2) form 



(3.2) 



O A L F*(A,/x) + (CxX + C^ja) = 0. 



(3.3) 
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The solution of equation (3.3) gives fixed pole points of the motion. For the solution of equation 
(3.3) it must be verified the condition 

(n, C\ x + c^fi) l = o. 

In generally, this condition can’t verify. But we can separate two composite velocities 
C\X + C^/i either orthogonal or parallel. If W is angular velocity matrix of moving space, 
then it can find W = A _ 1 (A,/r)fL Since j4 _ 1 (0,0) = /, we have W = Cl in the position 
(A,/i) = (0,0). 

Let 



E = 



Q 



and 



E* = 



W 

Wn, 



Then we have E* = rjAE , where 77 £ IR. For (A, /i) = (0, 0) and 77 = 1, it follows that 

E* = E. 

We can separate two components of the velocity C x X + which form 

C\X + l t 



u= (c a a + c>) 



(fl, f 1)1 



-n 



and 



V = 



(fl, C\X + C^jj) l 

(n, si)l 



n. 



one is orthogonal to vector f l , another is parallel to vector f 1 respectively, in which 

c a a + c> = (c x x + C7„A) - ^ C ^ + C ^ h n + + 



(fl, SI) j 



(fl, Q)i 



That is 



(n,u) L = /n,(c x x + c„ii) 



(n,c x x + c^) L ' 



= (n J c A A + c>) i -(n,c7 A A + C'>) i 

= 0 



and 



(fl, C a A + 

(n, n)i 



= crf2. 



y 
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If we write velocity U replacing CxX+C^ji in equation (3.3), we have this condition (Cl, U) L = 0 
is verified in this equation. Let rank Cl = 2 ,then the system can be solution. Now we get the 
solution of the equation 

n A L Y*(X,/i) + U = 0. 

Here oAi (b Al c) = (~ct, b ) l~c — ( ~a , ~c) l b . It follows that 

n a lY*(x, n) + u = o, 



OAl (Cl Al y*(A, n) + U) = 0, 

0 Al (fl Al T*(A, fj,)) + Cl Al U = 0, 

(Cl, y*(A, At) - (Cl, y*( A, /r)) L fl + fl a l y = 0, 

y*(A,/r) = 



(Cl,Y*(X,^)) An _ilA L U 



(Cl, ci) 1 



(Cl,Cl) 1 



If we write the last equation replacing by the equation 

Y*(X,fj) = y(A,/i) — C(X,n), 



so we have 



Hence we get 






y(A, fi) = Q + <7 Cl, a G /!?. 



(3.4) 



This means that it is a line which is passes though point Q and straight Cl. The line is called 
fixed pole axis in the fixed space, the expression of the fixed pole axis in the moving space find 
to write instead of value Y(X,y) in the equation (1.1), it follows that 



Cl Al U 
(Cl, Cl) L 



+ C(X, n) + crfi — A(X, fi)X + C(X, fi), 



CIA l U 

(Cl,Cl) L 



+ cr Cl = H(A, a i)X, 



X = ^A- 1 (X,fx)^^- + A- 1 (X,fi)aCl. 



(Cl, Cl) j 



In the position (A ,/x) = (0,0), it follows that 



Y 

X ~ -<flMh + ' 

X = P + aCl. 



If the pole axis of fixed and moving space coincide in the position (A, n) = (0, 0), we have P = Q 
and C(0, 0) = 0 . Thus lines passes though points Q and P is straight Cl , which are the pole 
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axis in fixed and moving space. In the position (A, /Li) of motion the lines have a velocity vector 
with stationary norm, locus of the lines which called instantaneous screw axis. The equations 

Y = Q + <tSI, a£lR 
X = P + aCl, a £ IR 

depend only on parameters A and /t. Thus there is oo 2 the one parameter motion. There are 
oo instantaneous screw axis since the parameters A and ji depend only on t [1]. The locus of 
this screw axis is a ruled surface. Indeed the following equations determine a ruled surface, 

Y(t, a) = Q(t) + cr £ IR 

X(t, a) = P(t ) + a £l(t),<j £ IR. 
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Abstract In this paper, we study the interior structures of Girard quantale and the cyclic 
dualizing elements of Girard quantale. some equivalent descriptions for Girard quantale are 
given and an example which shows that the cyclic dualizing element is not unique is given. 
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§1. Preliminaries 

Quantales were introduced by C. J. Mulvey in [1] with the purpose of studying the spectrum 
of C*-algebras and the foundations of quantum mechanics. The study of such partially ordered 
algebraic structures goes back to a series of papers by Ward and Dilworth [2, 3] in the 1930s. 
It has become a useful tool in studying noncommutative topology, linear logic and C*-algebra 
theory [4-6]. Following Mulvey, various types and aspects of quantales have been considered 
by many researchers [7-9]. The importance of quantales for linear logic is revealed in Yetter’s 
work [10]. Yetter has clarified the use of quantales in linear logic and he has introduced the 
term “Girard quantale”. In [11], J. Paseka and D. Kruml have shown that any quantale can be 
embedded into a unital quantale. In [12], K.I. Rosenthal has proved that every quantale can 
be embedded into a Girard quantale. Thus, it is important to study Girard quantale. This is 
the motivation for us to investigate Girard quantale. In the note, we shall study the interior 
structures of Girard quantale and the cyclic dualizing element in Girard quantales. 

We use 1 to denote the top element and 0 the bottom element in a complete lattice. For 
notions and concepts, but not explained, please to refer to [12]. 

Definition 1.1. A quantale is a complete lattice Q with an associative binary operation 
satisfying: 



alk(\J b a ) = \J (ak,b a ) and (\J b a )$za = \J (b a ka) 
for all a £ Q, {b a } C Q. 

1 This work was supported by the National Natural Science Foundation of China(Grant No. 10871121) and 
the Research Award for Teachers in Nangyang Normal University, China( nynu200749) 
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An element e £ Q is called a unit if a&e = e&a = a for all a £ Q. Q is called unital if Q 
has the unit e. 

Since a&_ and _&a preserve arbitrary sups for all a £ Q, they have right adjoints 
and we shall denote them by a — > r _ and a — y _ respectively. 

Proposition 1.2. Let Q be a quantale, a,b,c£ Q. Then 

(1) a&(a — > r b) < b ; 

(2) a — * r ( b — > r c) = 6&a — > r c; 

Again, analogous results hold upon replacing — > r by — y . 

Definition 1.3. Let Q be a quantale, An element c of Q is called cyclic, if a — > r c= a — y 
c for all a £ Q. d £ Q is called a dualizing element, if a = (a — y d) — > r d = (a — > r d) — y d 
for all a £ Q. 

Definition 1.4. A quantale Q is called a Girard quantale if it has a cyclic dualizing 
element d. 

Let Q be a Girard quantale with cyclic dualizing element d and a,b £ Q, define the binary 
operation “|| ” by a\\b = (a ± Szb ± ) J ~ , then we can prove that a||_ and _||a preserve arbitrary infs 
for all a £ Q, hence they have left adjoints and we shall denote them by a i — * r _ and a i — y _ 
respectively. If a — > r d =a — q d , we shall denote it by a — > d , or more frequently by a 1 - if 
d is a cyclic dualizing element. 



§2. The equivalent descriptions for Girard quantale 

In this section, we shall study the interior structures of Girard quantale and give some 
equivalent descriptions for Girard quantale. According to the above, we know that there are six 
binary operations on a Girard quantale such as _ — > r _, _ — q _||_, _ i — > r _ i — q 

we shall respectively call them multiplying, right implication, left implication, Par operation, 
dual right implication and dual left implication for convenience. 

Theorem 2.1. Let Q be a unital quantale, ^ : Q — *■ Q an unary operation on Q. Then 
Q is a Girard quantale if and only if 

(1) a — >i b = (a&fr L ) J ~; (2) a — > r b = (fA&a) -1 -. 

Proof. The necessity is obvious. Sufficiency: suppose (1) and (2) hold, a £ Q. Denote 
the unit element by e on Q , then a = e — y a = (e&aA)^ = (a _L ) _L . Thus a = hence 

a — y e ^ = (a&e J " L ) J " = (a&e) -1- = a ± . 

Similarly we get a- 1 = a — > r . Take d = e -1- , thus d is a cyclic element of Q. Again 
Va £ Q,{a — > e -1- ) — > e 1 - = a 1 - — > e 1 - = (a -1- ) -1- = a. This proves d = e 1 - is a dualizing 
element on Q. Thus the proof is completed. 

Theorem 2.2. Let Q be a complete lattice. _ — > r _ : Q x Q — > Q is a binary operation 
on Q, a — > r - : Q — *■ Q and _ — > r a : Q — *■ Q op preserve arbitrary sups for all a £ Q. 

- 1 : Q — > Q is a unary operation on Q, e £ Q. For all a, 6, c £ Q, 

(1) e — > r a = a; a — > r e 1 - = a -1- ; 

(2) (a -1- ) -1- = a; a < b => b - 1 < a -1- ; 

(3) (a — > r b^-) 1 - — > r c = a — > r ( b — > r c); 
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(4) c < a — * r b 1 - •<=>■ a < b — > r cA 

Then Q is a Girard quantale and _ — > r _ is the right implication operation. 

Proof. Define the binary operation a&6 = (b — cA) 1 - for all a,b £ Q. 

& satisfies associative law: In fact, for all a, b,c £ Q , 

(a&6)&c = ( b — > r a ± ) ± kc = (c — > r ( b — > r a -1 ))- 1 -. 

Using the condition (3), we have (c — > r ( b — > r a _L )) _L = ((c — > r A) 1 - — > r a- 1 )- 1 -. By the 
definition of the binary operation & we can get 

a&(6&c) = a&(c — > r b ± ) ± = ((c — > r b ± ) ± — > r a ± ) ± . 



So (aSzb)Szc = a&(&&c). 

Using the condition (4), we have a&6 < c <£=> ( b — * r a"*-)- 1 < c -<==>• A - < & — > r oA •<=>■ 
b < a — > r c for all a, b, c £ Q. 

For any a £ Q, {A}iez C Q. If I = 0, then a&0 = (a — * r 0 _L )" L = (a — > r l) -1 , since 
again (a — > r l) 1 - < 0 •<=>■ 1 < a — > r 1 •<=>■ a&l < 1, the last inequality obviously holds. So 
a&0 = 0. Thus a&_ preserves empty-sups. If I A 0, then 

a&(V ie jA) = (( \Ueih ) — V (A) 1 - 

= (A ie i( b i — V a- 1 ))- 1 
= \f ieI {bi — U a - 1 )- 1 
= Vi£j( a& A)- 

Hence a&_ preserves arbitrary sups for all a £ Q. Similarly, we can prove _&a preserves arbitrary 
sups for all a £ Q. Thus (Q,&) is a quantale. 

In accordance with the condition (1), we know e is the unit element corresponding to & 
on Q and a — > r e _L = cA. Denote by a — q _ the right adjoint of _&a. Then 



a 



H e 



V{A € Q\x < a — n e- 1 } 

\/{x £ Q\x$za < e -1 } 

V{A £ Q\(a — >r aA) 1 - < e- 1 } 
\J{x £ Q|e < a — > r x ± } 

\/{x £ <5|a&e < x - 1 } 

\J{x £ Q\a < x - 1 } 

\/{x £ Q\x < a- 1 } 



This show e 1 - is a cyclic element in Q. Using conditions (1) and (2) we know e - 1 is also a 
dualizing element on Q. Hence (Q,&,-L) is a Girard quantale. We can easily prove _ — > r _ is 
the right implication operation on Q by the above consideration. 

Theorem 2.3. Let Q be a complete lattice. _ i — > r _ : Q x Q — > Q is a binary operation 
in Q , a i — > r _ : Q — * Q and _ i — > r a : Q op — > Q preserve arbitrary sups for all a £ Q. 
_L : Q — * Q is an unary operation in Q, d £ Q. For all a, 6, c £ Q , 
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(1) d i — > r a = a; a i — > r d 1 - = a^\ 

(2) (or L ) -L = a; a < b =>■ t/ 1 < a -1 ; 

(3) (a i — > r b) 1 - i — c = a i — > r (b 1 - i — » r c); 

(4) c > a i — > r b ■<=>■ b 1 - > c i — > r a -1 . 

Then Q is a Girard quant ale and _ i — > r _ is the dual right implication operation. 
Proof. Define binary operation a&6 = (6 1 - i — > r a) for all a,b £ Q, 

(i) The binary operation & is associative: Since Va, 6, c £ Q, 



(akb)kc 



(&■*■ i — a)&c 
c 1 i — > r (b 1 - i — > r a) 
(c 1- i — > r b) 1 - i — > r a 
a&(c _L i — » r b) 
ak{bkc). 



(ii) Using the condition (2), we can prove 

(\/ <H) ± = /\(a-i) ± -, (/\a i ) ± = \/(a i ) ± 
iei iei iei iei 

for any set I and {ai}; e / C Q. 

(iii) For all a £ Q, {bi} ie i C Q, we have 

ak(\J bi) = (\J bi )' L i — > r a = i — a = \J (bj- i — a) = \J ( akbi ). 

ie/ ie/ iei iei iei 

Similarly we have (V ig j = Vie/ (6j&a). Hence (Q,&)is a quantale. Since a&d -1 - = 

(d _L )" L i — > r a = d i — > r a = a; d^kb = 6^ i — gU = b , thus (Q,k) is a unit quantale 
with unit element gU. 

(iv) If a £ Q, we have 



\/{x £ Q\x < a — d} 
\/{x £ Q\xka < d} 

\/{x £ Qla 1 - i — > r x < d} 
\/{x £ Q\d i — > r a < x - 1 } 
V{* S Q\x < a- 1 } 



Similarly, a — > r d = a^, hence d is a cyclic element in Q. d is also a dual element in Q by 
condition (2). Thus (Q, k) is a Girard quantale with cyclic dual element d. We easily know 
_ i — > r _ is the dual right implication operation in Q by the definition of k. 

Obviously, Theorem 2.2 and Theorem 2.3 also hold if — > r and i — > r are substituted by 
— and i — u respectively, “right” and “left” replace each other. 

Theorem 2.4. Let Q be a unital quantale with a unary operation ^ satisfying the 
condition 

CN : (or L )' L = a and a — > r b = b ± — q a ± 
for all a, b £ Q. Then Q is a Girard quantale. 
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§3. The cyclic dualizing element of Girard quantale 

According to the definition of Girard quantale, we know that the cyclic dualizing element 
plays an important role in Girard quantale, so we shall discuss the cyclic dualizing element in 
this section. We shall account for whether the cyclic dualizing element is unique in a Girard 
quantale; when it is unique; whether these Girard quantales determined by different cyclic 
dualizing elements are different. Let us see the following example 

Example 3.1. Let Q = {0,a, b, c, 1}, the partial order on Q be defined as Fig 1, the 
operator & on Q be defined by Table 1. Then we can prove that Q is a commutative Girard 
quantale. And we can prove that a, b and c are cyclic dualizing elements of Q. 
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Fig 1 Table 1 

Proposition 3.2. Let Q be a unital quantale with the unit element e. J_1 and ±2 satisfy 
the condition CN in Theorem 2.4. Then e ±x = e ±2 if and only if ±x = ±2 . 

Proposition 3.3. Let Q be a quantale, c?i,d 2 are cyclic dualizing elements of Q , - Ll , J - 2 
are unary operations on Q induced by d±,d 2 respectively. Then d\ = if and only if _Ll = J ~ 2 . 

Theorem 3.4. Let Q be a Girard quantale. Then there is a one-to-one correspondence 
between the set of cyclic dualizing elements in Q and the set of unary operations satisfying the 
condition CN in Theorem 2.4. 

Proposition 3.5. Let Q be a Girard quantale. If 0 is a cyclic dualizing element of Q , 
then Q is strictly two-sided. 

Proof. Assume 0 is a cyclic dualizing element in Q. Then 0^ = 0 — > 0 = 1 is the unit 
of Q, hence Va £ Q, a&l = l&a = a, this finished the proof. 

Proposition 3.6. If Q is a two-sided Girard quantale, then the unique cyclic dualizing 
element is the least element 0. 

Proof. If Q is a two-sided Girard quantale, then we have a = a&e < a&l < a for all 
a £ Q. Similarly, we have l&a = a. Thus Q is strictly two-sided. Suppose d is a cyclic dual 
element in Q, ^ is the unary operation induced by d, then we have d = 1 — > d = l - * - =0. the 
proof is finished. 

Corollary 3.7. Let Q be a Girard quantale with cyclic dualizing element 0. Then the 
cyclic dualizing element of Q is unique. 

Theorem 3.8. Any complete lattice implication algebra is a Girard quantale with unique 
cyclic dualizing element 0. 

According the above conclusions, we have a question : Whether the cyclic dualizing element 
must be the least element 0 if a Girard quantale has an unique cyclic dualizing element. The 
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answer is negative. Let us see the following example. 

Example 3.9. Let Q = {0, e, 1}, the partial order on Q be defined by 0 < e < 1, the 
binary operation & be defined by Table 2 
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i 


0 


i 


1 



Table 2 

It is immediate to verify Q being a Girard quantale with the unique cyclic dualizing element 

e. 

Question 3.10. What is the necessary condition when the cyclic dualizing element of 
Girard quantale is unique? 
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Abstract In this paper ^—compactness and v — Lindeloffness in topological space are intro- 
duced, obtained some of its basic properties and interrelations are verified with other types of 
compactness and Lindeloffness. 

Keywords ^—compact, u — Lindeloff spaces 



§1. Introduction 

After the introduction of semi open sets by Norman Levine various authors have turned 
their attentions to this concept and it becomes the primary aim of many mathematicians to 
examine and explore how far the basic concepts and theorems remain true if one replaces open 
set by semi open set. The concept of semi compactness was introduced by C. Dorsett in 1980. 
After him Reilly and Vamanamurthy studied about semi compactness during 1984. U.N. B. 
Dissanayake and K. P. R. Sastry introduced locally Lindeloff spaces. In the present paper we 
introduce the concepts of compactness and lindeloffness using v — open sets in topological spaces. 

Throughout the paper a space X means a topological space (X, r). The class of v — open 
sets is denoted by v — 0(X , r) respectively. The interior, closure, v— interior, ^—closure are 
defined by A°, A~, vA°, vA~ . 

In section 2 we discuss the basic definitions and results used in this paper. In sections 3 
and 4 we discuss about the v — compact and v — Lindeloffness in the topological space and obtain 
their basic properties. 



§2. Preliminaries 

A subset A of a topological space (X,t) is said to be regularly open if A = ((A)“)°, semi 
open(regularly semi open or u— open) if there exists an open (regularly open) set O such that 
O C A C ( 0)~ and v — closed if its complement is v— open. The intersection of all v — closed 
sets containing A is called v — closure of A , denoted by v(A)~ . The class of all closed sets are 
denoted by v — CL(X , r). The union of all v — open sets contained in A is called the interior 
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of A, denoted by i/(A)°. A function /: (X, r) — * (Y. a) is said to be (/—continuous if the inverse 
image of any open [closed] set in Y is a v— open[(/— closedjset in X. (/—irresolute if the inverse 
image of any v — open [v— closed] set in Y is a v — open [(/—closed] set in X . (/—open[(/— closed] 
if the image of every v— open[(/— closedjset is v— open [(/— closed], v — homeomorphism if / is 
bijective, (/—irresolute and v— open. Let x be a point of (A', r) and V be a subset of X, then V 
is said to be (/—neighbourhood of x if there exists a v — open set U of X such that x £ U C V. 
x £ X is said to be v — limit point of U iff for each v — open set V containing xVf] (U—{x}) ^ <\>. 
The set of all v — limit points of U is called (/—derived set of U and is denoted by D V (U). 

Note 1. Clearly every regularly open set is v — open and every v — open set is semi-open 
but the reverse implications do not holds good, that is, RO(X)c v — 0(X) CSO(X). 

Theorem 2.1. If x is a (/—limit point of any subset A of the topological space (. X,t ), 
then every (/—neighbourhood of x contains infinitely many distinct points. 

Theorem 2.2. (i) union and intersection of any two (/—open sets is not (/—open. 

(ii) Intersection of a regular open set and a (/—open set is (/—open. 

(iii) If B CX such that A C B C (A) - then B is (/—open iff A is (/—open. 

(iv) If A and R are regularly open and S is (/—open such that R C S C (R)~ ■ Then AflR 
= </>=>An«S'=</>. 

Theorem 2.3. In a semi regular space, int v — 0 (X,t) generates topology. 

Theorem 2.4. (i) Let A C Y C X and Y is regularly open subspace of X then A is 
(/—open in A iff A is v — open in t/y- 

(ii) Let Y C X and A € v — 0(Y,t/y) then As v—O (X,r) iff Y is (/—open in X. 

(iii) Let FCI and Ais a (/—neighborhood of x in . Then A is a (/—neighborhood of x in 
Y iff Y is (/—open in X. 

Theorem 2.5. An almost continuous and almost open map is (/—irresolute. 

Example 1. Identity map is (/—irresolute. 

Remark 1. For any topological space we have the following interrelations. 

(i) compact => nearly-compact => almost compact => weakly compact. 

(ii) compact => semi-compact where none of the implications is reversible. 



§3. //—Compact spaces 

Definition 3.1. A space X is said to be 

(i) (/—compact space if every (/—open cover of it has a finite sub cover. 

(ii) Countably (/—compact space if every countable v — open cover of it has a finite sub 
cover. 

(iii) a — (/—compact if it is the countable union of (/—compact spaces. 

Theorem 3.1. Let (A', r) be a topological space and A C A. Then A is (/—compact 
subset of X iff the subspace ( A,t/a ) is (/—compact. 

Theorem 3.2. (i) (/—closed subset of a (countably) (/—compact space is (countably) 

(/—compact. 

(ii) A (/—irresolute image of a (countably) (/—compact space is (countably) (/—compact. 

(iii) countable product of (countably) (/—compact spaces is (countably) (/—compact. 
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(iv) countable union of (countably) v— compact spaces is (countably) v— compact. 
Remark 2. (countably) {/—compactness is a weakly hereditary property. 

Theorem 3.3. For a v — Tj topological space X the following statements are equivalent 

(i) A' is countably z/— compact. 

(ii) Every countable family of {/—closed subsets of X which has the finite intersection prop- 
erty has a non-empty intersection. 

(iii) Every infinite subset has an v— accumulation point. 

(iv) Every sequence in X has a v— limit point. 

(v) Every infinite v— open cover has a proper sub cover 

Theorem 3.4. Every v— irresolute map from a v— compact space into ar - T 2 — space is 
v — closed. 

Proof. Suppose /: X — > Y is v— irresolute where X is v— compact and Y is v — T 2 . Let 
C be any v— closed subset of X. Then C is v— compact and so /(C) is v— compact. But then 
/(C) is v— closed in Y (by Theorem 3.2). Hence the image of any v— closed set in X is v— closed 
set in Y. Thus / is v— closed. 

Theorem 3.5. An v— continuous bijection from a {/—compact space onto a v — T 2 — space 
is a v— homeomorphism. 

Proof. Let /: X — > Y be a v— continuous bijection from a v— compact space onto a z/ — T 2 - 
space. Let G be an v— open subset of X. Then X-G is {/—closed and hence /(X-G) is {/—closed 
(by Th 3.2). Since / is bijective /(A — G) = Y — f(G). Therefore /(G) is {/—open in Y implies 
/ is {/—open. Hence / is bijective {/—irresolute and {/—open. Thus / is v— homeomorphism. 

Definition 3.2. A space X is said to be Locally {/—compact space if every x £ X has a 
v— neighborhood whose closure is v compact. 

Note 2. Every {/—compact space is locally {/—compact. 

Theorem 3.6. If/: (X,t) — > (Y,a) is {/—irresolute, {/—open and X is locally v— compact, 
then so is Y. 

Proof. Let y £ Y . Then 3x £ X 9 /(x) = y. Since X is locally {/—compact x has a 
{/—compact neighborhood V Then by {/—irresolute, v— open of f,f(V) is a {/—compact neigh- 
borhood of y. Hence Y is v— compact. 

Corollary 1. If/: (A', r) — > (Y, a) is {/—irresolute, {/—open and X is v— compact, then Y 
is Locally {/—compact. 

Proof. Obvious from above two theorems. 

Theorem 3.7. Let (A, r) be a topological space and AC X. Then A is locally {/—compact 
subset of X iff the subspace (A, t/a ) is locally {/—compact. 

Theorem 3.8. (i) {/—closed subset of a locally {/—Compact space is locally {/—Compact. 

(ii) countable product of locally {/—Compact spaces is locally {/—Compact. 

(iii) countable union of locally {/—Compact spaces is locally {/—Compact. 

Theorem 3.9. For a topological space X, the following are equivalent 

(i) X is {/—compact. 

(ii) Every family of {/—closed subsets of AT, having empty intersection has a finite subclass 
with empty intersection. 



Vol. 5 



i'— Compact spaces 



81 



(iii) Every family of zz— closed subsets of A which has the finite intersection property(f.i.p) 
has a non-empty intersection. 

Theorem 3.10. Every v— compact, v — Hausdorff space is almost is— regular. 

Theorem 3.11. Every pair of disjoint v — compact subsets of a Hausdorff space have 
disjoint v — open neighbourhoods. 

From the definitions and remark 1, we have the following: 

Remark 3. For any topological space 

nearly-compact =>■ is — compact => semi-compact but the converse is not true in general. 

Weakening covering condition from finite cover to countable cover, we have the following 
as a easy consequence of the above section. 



§4. v — Lindeloff and locally v — Lindeloff spaces 

In this section we define Lindeloffness using v — open sets their properties and characteri- 
zations are verified 

Definition 4.1. A space (X, r) is said to be 

(i) z^— Lindeloff space if every is — open cover of it has a countable sub cover. 

(ii) a — v — Lindeloff if it is the countable union of is — Lindeloff spaces. 

Theorem 4.1. Let (X,t) be a topological space and A C X. Then A is z^— Lindeloff 
subset of X iff the subspace (A, t/a) is zz— Lindeloff. 

Theorem 4.2. (i) v — closed subset of a v — Lindeloff space is z/— Lindeloff. 

(ii) countable product of v — Lindeloff spaces is v— Lindeloff. 

(iii) countable union of z/— Lindeloff spaces is is— Lindeloff. 

Definition 4.2. A space (A, r) is said to be locally v — Lindeloff space if every x £ X has 
a is — Lindeloff neighborhood. 

Note 3. Every v — Lindeloff space is locally v— Lindeloff. 

Theorem 4.3. If/: (A, r) — > (Y. a) is is— irresolute, v — open and A is locally v— Lindeloff, 
then so is Y . 

Proof. Let y £ Y. Then 3a; £ X 9 /(x) = y. Since X is locally is— Lindeloff x has 
a v — Lindeloff neighborhood V Then by v— irresolute, v— open of / f(V) is a v — Lindeloff 
neighborhood of y. Hence Y is v— Lindeloff. 

Corollary 2. If/: (A, r) — > (Y, a) is is— irresolute, v — open and X is is— Lindeloff, then Y 
is Locally is— Lindeloff. 

Theorem 4.4. Let (A, r) be a topological space and AC X. Then A is locally v — Lindeloff 
subset of A' iff the subspace ( A , t/a) is locally is— Lindeloff. 

Theorem 4.5. (i) v — closed subset of a locally is — Lindeloff space is locally is — Lindeloff 

(ii) countable product of locally is — Lindeloff spaces is locally v— Lindeloff. 

(iii) countable union of locally is — Lindeloff spaces is locally v— Lindeloff. 

Theorem 4.6. For a Topological space A, the following are equivalent 

(i) X is v— Lindeloff. 

(ii) Every family of is— closed subsets of A, having empty intersection has a countable 
subclass with empty intersection. 
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(iii) Every family of closed subsets of X which has the countable intersection condi- 
tion^. i.c) has a non-empty intersection. 

Remark 4. For any topological space we have the following interrelations. 

(i) Lindeloff => nearly-Lindeloff => almost Lindeloff => weakly Lindeloff. 

(ii) Lindeloff => semi-Lindeloff where none of the implications is reversible. 

Remark 5. For any topological space 

nearly-Lindeloff => v — Lindeloff =>■ semi-Lindeloff but the converse is not true in general. 

Remark 6. 

^—compact => u — Lindeloff 

locally v — compact =>■ locally v— Lindeloff. 

none is reversible 

Conclusion. 

In this paper we defined new compact and lindeloff axioms using v— open sets and studied 
their interrelations with other compact and lindeloff axioms. 
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Abstract We define A K — sets, V K — sets, g. A K —sets and g. V K —sets and characterize these 
sets for the collection Q, = {/z, a, a, n, b, /3} of generalized topologies. For each n £ 12, we 
also define and characterize the separation axioms k — Ti,i = 0,1,2 and k — Ri,i = 0,1. 
Keywords 7 — open, 7 — closed, 7 — semiopen, 7 — preopen, 7 a— open, 7/3— open and 76 — open sets, 
generalized topology. 



§1. Introduction 

In 1997 , Professor A. Csaszar [ 1 ] nicely presented the open sets and all weak forms of open 
sets in a topological space X in terms of monotonic functions defined on p(X), the collection 
of all subsets of X. For each such function 7, he defined a collection g of subsets of X, called 
the collection of 7 —open sets. A is said to be 7 —open if A C 7 (A). B is said to be 7— closed 
if its complement is 7— open. With respect to this collection g of subsets of X, for A C X, the 
7— interior of A, denoted by i-y(A), is defined as the largest 7— open set contained in A and the 
7— closure of A, denoted by c 7 (A), is the smallest 7— closed set containing A. It is established 
that g is a generalized topology [ 3 ]. In [ 5 ], 7— semiopen sets are defined and discussed. In [ 7 ], 
7a— open sets, 7— preopen sets and 7/?— open sets are defined and discussed. 76— open sets are 
defined in [6]. If a is the family of 7a— open sets, a is the family of all 7— semiopen sets, n is 
the family of all 7— preopen sets, b is the family of all 76— open sets and /3 is the family of all 
7/3— open sets, then each collection is a generalized topology. Since every topological space is 
a generalized topological space, we prove that some of the results established for topological 
spaces are also true for the generalized topologies = {g, a, cr, 7r, 6, / 3 }. In section 2 , we 
list all the required definitions and results. In section 3 , we define the A K and V K operators 
for each k £ fl and discuss its properties. Then, we define A K — sets, V K — sets, g. A K —sets and 
g. V K —sets and characterize these sets. In section 4 , for each k £ O, we define and characterize 
the separation axioms k — T), i = 0 , 1,2 and k — Ri, i = 0 , 1 . 
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§2. Preliminaries 

Let X be a nonempty set and T = {7 : p(X) — > p(X) | 7 (A) C 7 (B) whenever A C B}. 
For 7 £ r, a subset A C X is said to be 7 —open [1] if A C 7 (A). The complement of a 7 — open 
set is said to be a 7 — closed set. A family £ C p(X) is said to be a generalized topology [3] if 
0 £ £ and £ is closed under arbitrary union. The family of all 7 — open sets, denoted by /r, is a 
generalized topology [4]. Ac X, is said to be 7 — semiopen [5] if there is a 7 — open set G such 
that G C Ac Cj(G) or equivalently, A C c 7 i 7 (A) [ 8 , Theorem 2.4]. A is said to be 7 — preopen 
[7] if A c ijOy(A). A c X, is said to be 7 a— open [7] if A c i 7 c 7 i 7 (A). A is said to be 7 (3— open 
[7] if A C c 7 i 7 c 7 {A). A is said to be 7 b—open [6] if A C i 7 c 7 (A) U c 7 i 7 (A). In [4], [5], [6] and 
[7], it is established that each re £ is a generalized topology and so c K and i K can be defined, 
similar to the the definition of c 7 and i 7 . In this paper, for re £ If, the pair (X) re) is called a 
generalized topological space or simply a space. For each 7 £ T, a mapping 7 * : p(X) —* p(X) 
[1] is defined by 7 *(A) = X — j(X — A). Clearly, 7 * £ T. The following lemmas will be useful in 
the sequel. Moreover, one can easily prove the following already established results of Lemma 
2 . 1 . 

Lemma 2.1. Let X be a nonempty set, 7 £ r(X) and re £ fi. Then the following hold. 

(a) A C c k (A) for every subset A of X. 

(b) If A C B, then c K {A) C c K (B). 

(c) For every subset A of X , x £ c K (A) if and only if there exists a re— open set G such that 
4nG^0 ( For re = g. it is established in Lemma 2.1 of [2]). 

(d) A is re— closed if and only if A = c K (A). 

(e) c k (A) is the intersection of all re— closed sets containing A. 

Lemma 2.2. Let X be a nonempty set and 7 £ r(A'). Then X is 7 — semiopen [5, 
Proposition 1.2]. 



§3. V— sets and A— sets 

In this section, for the space (A, re), re £ fl, we define V— sets, A— sets, g. V —sets and 
g. A —sets. For a £ fl, V— sets and A— sets are defined in [5]. For A C X, we define A«(A) = 
n{U C X | A C U and U £ re} and V K (A) = U {U C X \ U C A and U is re— closed }. The 
following Theorem 3.1 gives the properties of the operator A K . Example 3.2 below shows that 
the two sets in 3.1(e) are not equal. 

Theorem 3.1. Let A, B and {C L \ l £ A} be subsets of A', 7 £ F and re £ Cl. Then the 
following hold. 

(a) If A C B, then A k (A) C A k (B). 

(b) A C A re (A). 

(c) Are (Are (A)) = Are (A) . 

(d) Are(U{C t | L £ A}) = U{Are(C t ) | l £ A}. 

(e) Are(n{C), | t £ A}) c n{Are(C t ) | l £ A}. 

(f) If A £ re, then A K (A) = A. 

(g) Are(A) = {x | Cre({:r}) D A / 0}. 
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(h) y G A K ({a;}) if and only if x £ c K ({y}). 

(i) A«({x}) ^ A K ({y}) if and only if c K {{x}) ± c K {{y}). 

Proof. 

(a) . Suppose x qL A K (B). Then there exists G £ k such that B C G and x qL G. Since 
A C B, there exists G £ n such that A C G and x ^ G and so x qL A k (A) which proves (a). 

(b) . The proof follows from the definition of A K . 

(c) . By (b), A C A k (A) and so by (a), A K {A) C A k (A k (A)). Let x g A K {A). then there 
exists G £ k such that A C G and x qL G which implies that A k (A) C G and x qL G. Therefore, 
x A k (A k (A)) which implies that A k (A k (A)) C A k (A). This completes the proof. 

(d) Clearly, by (a), U{A K (C' t ) | i £ A} C A K (U{C t | l £ A}). Conversely, suppose x ^ 
U{A K (C t ) | l £ A}. Then x ^ A K (C L ) for every i £ A. Therefore, for every t £ A, there 
exists G l £ k such that C L C G L and x G L . Let G = U{G t | t £ A}. Then x £ G and 
U {C L | l £ A} C G which implies that x A K (U{G t | i £ A}). This completes the proof. 

(e) The proof follows from (a). 

(f) The proof follows from the definition of A K . 

(g) Let x £ A k (A). If c K ({x}) fl A = 0, then X — c K ({x}) is a k — open set such that 
A C X — c K ({ x}) and x £ X — c K ({x}). Therefore, x qL A k (A), a contradiction to the assumption 
and so c k ({.t}) D A / 0. Hence A k (A) C {x | c K ({a;}) fl A ^ 0}. Conversely, suppose for 
x £ X, c K ({a;}) fl A ^ 0. If x A k (A), then there exists a k — open set G such that A C G and 
x £ G. Therefore, x £ X — G which implies that c K ({a;}) C c K ( X — G) = X — G C X — A and 
so c K ({a;}) Dd = 0,a contradiction. Therefore, {x | c K ({a;}) Cl A ^ 0} C A k (A). This completes 
the proof. 

(h) Suppose y £ A K ({x}). Then y £ G whenever G is a k — open set containing x. Suppose 
x c K {{y}), then there is a n— closed set F such that {y} C F and x F. Since X — F is a 
k — open set containing x, y £ F and so c K ({y}) C c K (F) = F which implies that c K ({y})n{a;} = 
0. By (g), y qL A k ({x}), a contradiction. Hence x £ c K ({y}). 

Conversely, suppose x £ c K ({y}). If y ^ A K ({cc}), there exists a k— open set G containing x such 
that y £ G. Now y £ X — G implies that c K ({y}) C c K ( X — G) = X — G C X — {cc} and so 
c K ({y}) fl{a;} = 0 which implies that x $ c K ({y}), a contradiction to the hypothesis. Therefore, 
y £ A K ({a;}). This completes the proof. 

(i) Suppose A k ({x}) A K ({y}). Assume that 2 £ A K ({x}) and z A K ({y}). Then by (h) 

and (g), x £ c K ({z}) and {y} n c K ({^}) = 0 and so c k ({.t}) C c k ({z}) and {y} n c K ({z}) = 0. 
Therefore, c K ({x}) fl {y} = 0 which implies that c K ({x}) ^ c K ({y}). 

Conversely, suppose c K ({x}) ^ c K ({y}). Assume that 2 £ c K ({cc}) and 2 ^ c K ({y}). By (h), 
x £ A k ({ 2 }) and y £ A K ({ 2 }) and so A K ({cc}) C A K ({ 2 }) and {y} fl A K ({ 2 }) = 0 which implies 
that {y} fl A K ({a;}) = 0. Therefore, A K ({y}) / A K ({a:}) which completes the proof. 

Example 3.2. Let X = {a, b} and 7 : p(X) —> p(X) be defined by y(0) = 0, 7 ({a}) = 

W, 7 ({&}) = {&}, 7P0 = X. Then y = {0, { 6 }, AC}. If A = {a}, B = {&}, then A M (A) = 

X, A m (B) = B and A^A (7 B) = A„(0) = 0. Since A m (A) n A „{B) = B, A M (A) n A „{B) ± 
A^(A n B). 

The proof of the following Theorem 3.3 is similar to that of Theorem 3.1 and hence the 
proof is omitted. Example 3.4 shows that the two sets in 3.3(d) are not equal. Theorem 3.5 
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below gives the relation between the operators A„ and V K . 

Theorem 3.3. Let A, B and {C L \ l £ A} be subsets of A', 7 £ T and k £ Q. Then the 
following hold. 

(a) If A c B, then V«(^4) C \/ K (B). 

(b) V K (j4) C A. 

(c) V k (V k (A)) = V k (A). 

(d) V K (U{C t | i £ A}) D U{V K (C t ) | 1 G A}. 

(e) v K (n{C t I L £ A}) = n{v K (C t ) 1 i e A}. 

(f) If A is k — closed, then V K (7l) = A. 

Example 3.4. Let A = {a, 6 , c, d} and 7 : p(A) — > p(A) be defined by 7 ( 0 ) = 
0, 7(W) = {&}, 7 ({&}) = {c}, 7 ({c}) = {&},7({^}) = { d }, 7 ({M}) = {b,c}, 7 ({a,c}) = 
W)7({M}) = {M},7 ({&,c}) = {b,c}, 7 ({M}) = {c,d}, 7 ({c,d}) = {M}> 7 ({a, 6 ,c}) = 
{&, c}, 7 ({&, c, d}) = { 6 , c, d}, 7 ({a,c, d}) = A, 7 ({a, 6 , d}) = {f>, c, d} and 7 (A) = A. Then 
M = {0, {d}, {b, c}, {a, c, d}, {b, c, d}, A}. If A = {a}, B = {d}, then V^A) = {a}, V M (B) = 0 
and V„(dU5) = V M ({a,d}) = { a, d }. Since V M (A) UV^B) = A, V„(A) UV^(B) ± V^AUB). 
If A = {a,c, d}, then V M (A) = A but 4 is not /x— closed. This shows that the reverse direction 
of Theorem 3.3 (f) is not true. 

If A = {c, d} , then A M (A) = A but A is not /x— open. This shows that the reverse direction 
of Theorem 3.1(f) is not true. 

Theorem 3.5. Let A be a subset of X, 7 £ T and n £ fi. Then the following hold. 

(a) A K (A — A) = X — V k (A). 

(b) V re (A — A) = X — A k (A). 

(c) (A*)* = V*. 

(d) (V*)* = A*. 

Proof, (a) and (b) follow from the definitions of A K and V K . 

(c) If A c A, then (A k )*(A) = A-A k (A -A) = X-(X-V K (A)) = V K (A) and so (A*)* = V*. 

(d) The proof is similar to the proof of (c). 

If A is a nonempty set, 7 £ T(A) and k £ fi, a subset A of A is said to be a V K —set 
if A = V k (A) and A is said to be a A K — set if A = A k (A). In any space (X,k), the following 
Theorem 3.6 lists out the V K — sets and the A K — sets. 

Theorem 3.6. Let X be a nonempty set, 7 £ T(A) and n £ fi. Then the following hold. 

(a) 0 is a A K — set. 

(b) A is a A K — set if and only if X — A is a V K — set. 

(c) A' is a V K — set. 

(d) The union of A K — sets is again a A K — set. 

(e) The union of V K — sets is again a V K — set. 

(f) The intersection of A K — sets is again a A K — set. 

(g) The intersection of V K — sets is again a V K — set. 

(h) If k £ fir = fl — {/x, a , 7 r}, then A is a A K — set and so 0 is a V K — set. 

Proof. 

(a) follows from Theorem 3.1(f) since 0 £k for every k £ Cl. 
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(b) Suppose A is a A K — set. Then A = A k (A). Now A — A = A — A k (A) = V„(A — A), 
by Theorem 3.5(b). Therefore, X — A is a V K — set. The proof of the converse is similar with 
follows from Theorem 3.5(a). 

(c) follows from (a) and (b). 

(d) Let {A, | l £ A} be a family of A K — sets. Therefore, A, = A K (A t ) for every i £ A. 
Now A re (U{A t | l £ A}) = U{A K (A t ) | l £ A}, by Theorem 3.1(d) and so A K (U{A i | t £ A}) = 
U{A t | i £ A}. 

(e) Let {A l | l £ A} be a family of V K — sets. Therefore, A L = V K (A L ) for every l £ A. 
Now U {A L | l £ A} = U{V k (A) | i £ A} C V K (U{A t | t £ A}) by Theorem 3.3(d) and so 
V K (U {A l | l £ A}) = U{A t | l £ A} by Theorem 3.3(b). 

(f) Let {A l | l £ A} be a family of A K — sets. Therefore, A L = A K (A L ) for every l £ A. 
Now C\{A L | l £ A} = n{A K (A t ) | l £ A} D A K (fl{A t | l £ A}) by Theorem 3.1(e) and so 
A K (n{A t | i £ A}) = C\{A L | l £ A} by Theorem 3.1(b). 

(g) Let {A l | i £ A} be a family of V K — sets. Therefore, A b = V K (A L ) for every t £ A. 
Now V K (fl{A t | l £ A}) = n{V K (A t ) | u £ A}, by Theorem 3.3(e) and so V K (fl{A t | t £ A}) = 
n {A L | l £ A}. 

(h) Since X £ a by Lemma 2.2, X £ k for every ac £ i~2i and so the proof follows from (a) 
and (b). 

Remark 3.7. Let r K = {A C X \ A = A k (A)} and r K = {A C X \ A — V K (A)}. Then 
r K and r K are topologies by Theorem 3.6, such that arbitrary intersection of r K — open sets is a 
t k —open set and an arbitrary intersection of r K — open sets is a t k — open set. 

Let A be a nonempty set, 7 £ T(X) and re £ O. A subset A of X is called a generalized 
A K — set (in short, g. A K —set) if A k (A) C F whenever A C F and F is re— closed. B is called a 
generalized V K — set (in short, g. V K —set) if X — B is a g. A K —set. We will denote the family 
of all g. A k —sets by D A " and the family of all g. V K —sets by D v,t . The following Theorem 3.8 
shows that D A,t is closed under arbitrary union and D v,t is closed under arbitrary intersection. 
Theorem 3.9 below gives a characterization of g. V K —sets. 

Theorem 3.8. Let A be a nonempty set, 7 £ T(A) and re £ Cl. Then the following hold. 

(a) If B l £ D A ~ for every u £ A, then U {B u \ 1 £ A} £ D A,S . 

(b) If B l £ D Vk for every l £ A, then ft {B b \ 1 £ A} £ D Vk . 

Proof, (a) Let B L £ D A,t for every t £ A. Then each B L is a g. A K —set. Suppose F is 
re— closed and U {B L \ l £ A} C F. Then for every 1 £ A, B L C F and F is re— closed. By 
hypothesis, for every 1 £ A, A K (B L ) C F and so U{A K (R i ,) | l £ A} C F. By Theorem 3.1(d), 
A k (U {B l I l £ A}) C F and so U {B L | t £ A} £ D Are . 

(b) Let B l £ D v,[ for every l £ A. Then each B L is a g. V K —set and so A — B L £ D Ak 
for every 1 £ A. Now A — (n{R t | l £ A}) = U({A — B L \ l £ A}) £ D Are , by (a). Therefore, 
A{B l | t £ A} £ D v -. 

Theorem 3.9. Let A be a nonempty set, 7 £ T(A) and re £ Cl. Then a subset A of A is 
a g. V K —set if and only if U C V K (^4) whenever U C A and U is re— open. 

Proof. Suppose A is a g. V K —set. Let U be a re— open set such that U C A. Then 
A — U is a re— closed set such that A — U D X — A and so A K (X — U) D A K (A — A). Therefore, 

A — U D A re (A — A) = A — V k (A) and so U C V K (A). Conversely, suppose the condition holds. 
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Let A be a subset of X. Let F be a re— closed subset of X such that X — A c F. Then X — F c A 
and so by hypothesis, X — F C V K (A). Then X — V K (A) C F and so A K (X — A) C F which 
implies that X — A is a g. A K —set. Therefore, A is a g. V K —set. 

The remaining theorems in this section give some properties of g. V K —sets and g. A K —sets. 

Theorem 3.10. Let x £ X, 7 € T(X) and re £ Q. Then the following hold. 

(a) {2} is either a re— open set or X — {x} is a g. A K —set. 

(b) {2} is either a re— open set or a g. V K —set. 

Proof, (a) Suppose {2} is not a re— open set. Then X is the only re— closed set containing 
X — {2} and so A K (X — {2}) C A'. Therefore, X — {2} is a g. A K —set. 

(b) Suppose {2} is not a re— open set. By (a), X — {2} is a g. A K —set and so {2} is a 
g. V K -set. 

Theorem 3.11. Let A be a nonempty set, 7 £ r(X) and re £ Q. If B is a g. V K —set and 
F is a re— closed set such that V K {B) U(I-B)cf, then F = X. 

Proof. Since B is a g. V K —set, X — B is a g. A K —set such that X — B C F. Therefore, 

A k (X—B) C F which implies that X—F C V K (B). Also, V K (B) C F and so A— F C X— V«(F). 
Hence X-Fc V K (F) n (A - V K (F)) = 0 . Therefore, F = X. 

Corollary 3.12. Let A' be a nonempty set, 7 £ T(A') and re £ fb If B is a g. V K —set 
such that V k (B) U (A — B) is re— closed, then B is a V K — set. 

Proof. By Theorem 3 . 11 , V K (H) U (A — B) = A and so A — (V K (B) U (A — £?)) = 0 
which implies that (A — \/ K (B)) D B = 0 . Therefore, 1 ? C \/ K (B) and so by Theorem 3 . 3 (b), 

B = V k (B). 

Theorem 3.13. Let A be a nonempty set, 7 £ T(X) and re £ fb If A and B are subsets 
of A such that A C B C A K (A) and A is a g. A K —set, then B is a g. A K —set. In particular, if 
A is a g. A K —set, then A K (A) is a g. A K —set. 

Proof. Since Ac B C A K (A), A k (A) C A k (B) C A k (A k (A)) = A k (A) and so A k (A) = 

A k (B). If F is any re— closed set such that B C F, then A C F and so A K {B) = A k {A) C F. 
Therefore, B is a g. A K — set. 

Corollary 3.14. Let A be a nonempty set, 7 £ T(A') and re £ H. If A and B are subsets 
of A such that V K (A) C B C A and A is a g. V K —set, then B is a g. V K —set. In particular, if 
A is a g. V K —set, then V re (A) is a g. V K —set. 

§4. Some separation axioms in generalized topological spaces 

Let A be a nonempty set, 7 £ T(A) and re £ fL Then (A, re) is called a re — Ti space if 
for all 2, y £ A, 2/y, there exists a re— open set G such that x £ G and y ^ G and there 
exists a re— open set H such that 2 ^ H and y £ H. a — T\ space is defined in [ 5 ] . The following 
Theorem 4.1 gives a characterization of re — T\ spaces in terms of re— closed sets and Theorem 
4.2 gives a characterization of re — Ti spaces in terms of A K — sets. 

Theorem 4.1. Let A be a nonempty set, 7 £ T(A) and re £ fb Then (A, re) is a re — Ti 
space if and only if every singleton set is a re— closed set. 

Proof. Suppose (A, re) is a re — T\ space. Let 2 £ A. If y £ A — {2}, then 2 / y. By 
hypothesis, there exists a re— open set H y such that y £ H y and 2 ^ H y and so y £ H y C A— {2}. 
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Hence X — {x} = U {H y \ y £ X — {cc} } is k — open and so {a;} is k— closed. Conversely, suppose 
each singleton set is a k— closed set. Let x, y £ X such that x 7^ y. Then X — {x} and X — {y} 
are n — open sets such that y £ X — {a"} and x £ X — {y}. Therefore, (A', k) is a n — Ti space. 

Theorem 4.2. Let A be a nonempty set, 7 G T(A) and k£S 1. Then (A, k) is a n — T\ 
space if and only if every subset of A is a A K — set. 

Proof. Suppose (X,k) is a k — Ti space. Let A be subset of A. By Theorem 3.1(b), 
A C A k (A). Suppose x A. Then A — {a;} is a k — open set such that Ac A — {a’} and so 
A k (A) C A — {a;}. Hence every subset of X is a A K — set. Conversely, suppose every subset of 
X is a A K — set and so A K ({a;}) = {a;} for every x £ X. Let x, y £ X such that x 7^ y. Then 
y A k ({.t}) and x ^ A K ({y}). Since y ^ A K ({a;}), there is a k — open set U such that x £ U 
and y £ U. Similarly, since x A„({y}), there is a k — open set V such that y £ V and x V. 
Therefore, (A, k) is a k — T\ space. 

Corollary 4.3. Let A be a nonempty set, 7 £ T(A') and k £ fi. Then the following are 
equivalent. 

(a) (A, k) is a k — T\ space. 

(b) Every subset of A is a A K — set. 

(c) Every subset of A is a V K — set. 

Proof, (a) and (b) are equivalent by Theorem 4.2. 

(b) and (c) are equivalent by Theorem 3.5(b). 

Theorem 4.4. Let A be a nonempty set, 7 £ T(A), k £ Q and A C A. Then the following 
hold. 

(a) If A is a A K — set, then A is a g. A K —set. 

(b) If A is a V K — set, then A is a g. V K —set. The reverse directions are true if (A, k) is a 
k — Ti space. 

Proof. 

(a) Suppose A is a A K — set. Then A = A k (A). If A C F where F is k— closed, then 
A = A k (A) C F. Therefore, A is a g. A« —set. 

(b) The proof is similar to the proof of (a). 

The reverse directions follow from Corollary 4.3. 

Let A be a nonempty set, 7 £ T(A) and k £ fi. (A, k) is said to be a k — T 0 space if for 
distinct points x and y in A, there exists a k — open set G containing one but not the other. 
Clearly, every k — Ti space is a k — T 0 space. Since every topology is a generalized topology 
and in a topological space, To spaces need not be T\ spaces, n — Tq spaces need not be k — To 
spaces. Theorem 4.5 gives a characterization of k — To spaces. The easy proof of Corollary 4.6 
is omitted. 

Theorem 4.5. Let ( A, k) be a k— space where 7 £ T(A') and k £ H. Then ( A, k) is a 
k — To space if and only if distinct points of A have distinct k— closures. 

Proof. Suppose (A, k) is a k — T 0 space. Let x and y be points of A such that x ^ y. 
Then there exists a k — open set G containing one but not the other, say x £ G and y qL G. Then 
y £ c K ({a;}) and so c K ({x}) 7^ c K ({j/}). Conversely, suppose distinct points of A have distinct 
k — closures. Let x and y be points of X such that x 7^ y. Then c K ({x}) 7^ c K ({y}). Suppose 
2: G c K ({x}) and 2 £ c K ({y}). If x £ c K ({y}) 7 then c K ({x}) C c K ({y}) and so 2 G c K ({y}), a 
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contradiction. Therefore, x c K ({y}) which implies that x £ X — c K ({y}) and X — c K ({y}) is 
re— open. Hence ( X , re) is a re — Tq space. 

Corollary 4.6. Let (X, k) be a re— space where 7 £ r(X) and k £ fl. Then (X, k) is a 
re — Tq space if and only if for distinct points x and y of X, either x £ c K ({y}) or y £ c k ({.t}). 

Let X be a nonempty set, 7 £ r(X) and re £ fl. ( X , re) is said to be a re — T2 space if for 
distinct points x and y in X , there exist disjoint re— open sets G and H such that x £ G and 
y £ H. Clearly, every re — T2 space is a re — Xj space and the converse is not true. Theorem 4.7 
below gives characterizations of re — T2 spaces. 

Theorem 4.7. In a re— space (X, re), where 7 £ r(X) and k £ fl, the following statements 
are equivalent. 

(a) (X, re) is a re — T 2 space. 

(b) For each x £ X and y 7^ x, there exists a re— open set U such that x £ U and y £ c K (U). 

(c) For every x £ X, {x} = Ci{c K (U) \ x £ U and U is re — open}. 

Proof. (a)=>(b). Let x, y £ X such that y ^ x. Then, there exists disjoint re— open sets 
U and H such that x £ U and y £ H. Then X — H is a re— closed set such that U C X — H 
and so c K {U) C A' — H. U is the required re— open set such that x £ U and y £ c K (U). 

(b) =>(c). Let x £ X. If y £ X such that x 7^ y, by (b), there exists a re— open set U such that 
x £ U and y £ c K (U). Clearly, {.t} = fl {c K (U) \ x £ U and U is re — open}. 

(c) =>(a). Let x, y £ X such that j//i. Then y £ {a:} = n{c K (Z 7 ) | x £ U and U is re— open}, 
by (c). Therefore, y £ c K (U) for some k — open set containing x. U and X — c K {U) are the 
required disjoint k — open sets containing x and y respectively. 

Let X be a nonempty set, 7 £ T(X) and k £ fl. Then (. X , n) is said to be a k — Ro space 
if every n — open subset of X contains the k — closure of its singletons. (A', k) is said to be a 
k — R\ space if for x, y £ X with c K ({a;}) ^ c K ({y}), there exist disjoint n — open sets G and H 
such that c K ({a;}) C G and c re ({?/}) C H. Clearly, every k — R\ space is a k — Ro space but the 
converse is not true. The following Theorem 4.8 follows from Theorem 4 . 1 . Theorem 4.9 below 
gives a characterization of k — Ro spaces. 

Theorem 4.8. Let A be a nonempty set, 7 £ r(AT) and k £ fl. Then every n — Ti space 
is a re — Ro space. 

Theorem 4.9. Let A be a nonempty set, 7 £ T(A) and re £ fl. Then (A, re) is a re — Ro 
space if and only if every re— open subset of X is the union of re— closed sets. 

Proof. Suppose (X, re) is a re — Ro space. If A is re— open, then for each x £ A, c K ({x }) C A 
and so U {cl K {x} \ x £ A} C A. It follows that A = U {cl K {x} \ x £ A}. Conversely, suppose A is 
re— open and x £ A. Then by hypothesis, A = U {B L \ 1, £ A} where each B L is re— closed. Now 
x £ A, implies that x £ B L for some 1 £ A. Therefore, c K ({x}) C B L C A and so (A, re) is a 
re — Ro space. 

Theorem 4.10. Let X be a nonempty set, 7 £ T(A) and re £ fl. Then (A, re) is a re — Ro 
space if and only if for x, y £ A, c K ({x}) 7^ c K ({y}) implies that c K ({x}) fl c K ({y}) = 0 . 

Proof. Suppose (A, re) is a re — R 0 space. Let x,y £ A, such that c K ({x}) 7^ c K ({y}). 
Suppose z £ c K ({a;}) and 2 ^ c K ({y}). Since 2 ^ c K ({y}), there exists a re— open set G containing 
2 such that y £ G. Since 2 £ c K ({x}), x £ G. Since y £ G, it follows that x £ c K ({y}) and so 
x £ X-c K {{y}). By hypothesis, c K ({x}) C X-c K ({y}) and so c K ({x})nc K ({y}) = 0 . Conversely, 
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suppose the condition holds. Let G be a re— open set such that x £ G. If y qL G, then x 7^ y and 
so x qL c K ({y}) which implies that c K ({x}) ± c K ({y}). By hypothesis, c K ({x}) n c K ({y}) = 0 and 
so y ^ c K ({x}). Hence c K ({x}) C G which implies that (X, re) is a re — R 0 space. 

Theorem 4.11. Let X be a nonempty set, 7 £ r(X) and re £ fl. Then (. X , re) is a re — Rq 
space if and only if for x, y £ X, A K ({x}) 7^ A re ({j/}) implies that A K ({x}) D A K ({y}) = 0. 

Proof. Suppose (X,k) is a re — Rq space. Let x, y £ X such that A K ({x}) 7^ A K ({y}). 
Suppose that z £ A K ({x}) D A K ({y}). Then z € A K ({x}) and z £ A K ({y}). By Theorem 3.1(h), 
x £ c K ({z}) and y £ c K ({z}) and so c K ({x})nc K ({z}) 7^ 0 and c K ({y})nc K ({z}) 7^ 0. By Theorem 
4.10, c K ({ x}) = c K ({z}) and c K ({y}) = c K ({z}) and so c K ({x}) = c K ({y}). By Theorem 
3.1(i),A re ({x}) = A K ({y}), a contradiction. Therefore, A K ({x}) fl A K ({y}) = 0. Conversely, 
suppose the condition holds. Let x,y £ X such that c K ({x}) 7^ c K ({y}). Suppose that z £ 
c K ({x}) (~1 c K ({y}). Then 2 £ c K ({x }) and 2; £ c K ({y}). By Theorem 3.1(h), x £ A K (j>}) 
and y £ A K (j>}) and so A k ({.t}) n A K ({z}) 7^ 0 and A K {{y}) n A K ({2:}) 7^ 0. By hypothesis, 
A «;({a:}) = A K ({2:}) and A „({y}) = A K ({z}) and so A K ({x}) = A„({y}). By Theorem 3.1(i), 
c K ({x}) = c K ({y}), a contradiction. Therefore, c K ({a;}) flc K ({y}) = 0. By Theorem 4.10, (X, k) 
is a re — R 0 space. 

Theorem 4.12. Let X be a nonempty set, 7 £ T(X) and re £ fl. Then the following are 
equal. 

(a) (X, re) is a re — Rq space. 

(b) For any nonempty set A and a re— open set G such that A fl G 7^ 0, there exists a 
re— closed set F such that An F 7^ 0 and F C G. 

(c) If G is re— open, then G = U{F 1 \ F C G and F is re— closed}. 

(d) If F is re— closed, then F = fl{G | F C G and G is re— open}. 

(e) For every x £ X, c K ({ x}) C A K ({x}). 

Proof. (a)=>(b). Suppose (X, re) is a re — Ro space. Let A be a nonempty set and G be a 
re— open set such that A fl G 7^ 0. If x £ A fl G, then x £ G and so by hypothesis, c K ({x}) C G. 
If F = c K ({x}), then F is the required re— closed set such that A fl F 7^ 0 and F C G. 

(b) =>(c). Let G be re— open. Clearly, G D U {F \ F C G and F is re— closed}. If x £ G, then 
{x} fl G 7^ 0 and so by (b), there is a re— closed set F such that {x} OF/0 and F C G which 
implies that x £ {F \ F C G and F is re— closed}. Therefore, G C {F \ F C G and F is 
re— closed}. This completes the proof. 

(c) =>(d). Let F be re— closed. By (c), X — F = U {K \ K C X — F and K is re— closed} and so 

F — n{X — K | F C X — K and X — K is re— open}. 

(d) =>(e). Let x £ X. If y g A K ({x}), then by Theorem 3.1(g), {x} (~l c K ({y}) = 0. By (d), 
c K ({y}) = n{G | c K ({y}) C G and G is re— open}. Therefore, there is a re— open G such that 
c K ({y}) C G and x ^ G which implies that y ^ c K ({x}). Therefore, c K ({x}) C A K ({x}). 

(e) =>(a). Let G be a re— open set such that x £ G. If y £ c K ({x}), then by (e), y £ A K ({x}). 
Since A K ({x}) C A«(G) = G, y £ G. Hence (X, re) is a re — Rq space. 

Corollary 4.13. Let X be a nonempty set, 7 £ T(X) and re £ H. Then the following are 
equivalent. 

(a) (X, re) is a re — Rq space. 

(b) For every x £ X, c K ({x}) = A K ({x}). 
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Proof. (a)=>(b). Let x £ X. By Theorem 4.12, c K ({x}) C A K ({a:}). To prove the direction, 
assume that y £ A K ({r}). By Theorem 3.1(h), x £ c K ({y}) and so c K ({x}) C c K ({y}) which 
implies that c K {{x}) (~l c K ({y}) ± 0. By Theorem 4.10, c K {{x}) = c K {{y}) and so y £ c K ({x}). 
Hence c K {{x}) = A K ({x}). 

(b)=>(a). The proof follows from Theorem 4.12. 

Theorem 4.14. Let X be a nonempty set, 7 £ T(X) and k £ Q. Then the following are 
equivalent. 

(a) (X, re) is a re — Ro space. 

(b) For all x, y £ X,x £ c K ({y}) if and only if y £ c K ({x}). 

Proof. (a)=>(b). Let x, y £ X such that x £ c K ({y}). By Corollary 4.13, x £ A K ({y}) 
and so by Theorem 3.1(h), y £ c K ({x}). Thus x £ c K ({y}) implies that y £ c K ({x}). Similarly, 
we can prove that y € c K ({x}) implies that x £ c K ({y}). 

(b)=>(a). Conversely, suppose the condition holds. Let x £ X. If y £ c K ({x}), then by hypothe- 
sis, x £ c K ({y}) and so by Theorem 3.1(h), y £ A K ({a;}) which implies that c K ({a;}) C A K ({x}). 
By Theorem 4.12(e), (X, re) is a re — Rq space. 

The following Theorem 4.15 gives a characterization of re — R\ space and Theorem 4.16 
gives a characterization of re — T 2 space. 

Theorem 4.15. Let X be a nonempty set, 7 £ T(X) and re £ Cl. Then the following are 
equivalent. 

(a) (X, re) is a re — R\ space. 

(b) For x, y £ X such that A K ({x}) ^ A K ({y}), there exist disjoint re— open sets G and H 
such that c K ({x}) C G and c K ({y}) C H. 

Proof. (a)=>(b). Let x, y £ X such that A k ({.t}) 7 ^ A K ({y}). Then by Corollary 4.13, 
since (X, re) is a re — R 0 space, c K ({x}) 7 ^ c K ({y}) and so there exists disjoint re— open sets G 
and H such that c K ({ x}) C G and c K ({y}) C H. 

(b)=>(a). Let x, y £ X such that c K ({x}) 7 ^ c K ({y}). By Theorem 3.1 (i), A k ({.t}) 7 ^ A K ({y}). By 
hypothesis, there exist disjoint re-open sets G and H such that c K ({x}) C G and c K ({y}) C H 
and so (X, re) is a re — R\ space. 

Theorem 4.16. Let X be a nonempty set, 7 £ T(X) and re £ f2. Then the following are 
equivalent. 

(a) (X, re) is a re — T 2 space. 

(b) (X', re) is both a re — R\ space and a re — Tj space. 

(c) (X, re) is both a re — R\ space and a re — T 0 space. 

Proof. (a)=>(b). Suppose (X, re) is a re — T 2 space. Clearly, (X, re) is a re — Tj space and 
so singletons are re— closed sets, by Theorem 4.1. If x, y £ X with c K ({x}) 7 ^ c K ({y}), then 

27 - y and so there exist disjoint re— open sets G and H such that x £ G and y £ H. Therefore, 

c K ({x}) C G and c K ({y}) C H which implies that (X, re) is a re — R\ space. 

(b) =>(c). The proof is clear. 

(c) =>(a). Let x, y £ X such that 27 - y. Since (X, re) is a re — T 0 space, by Theorem 4.5, 
c K ({x}) / c K ({y}). Since (X, re) is a re — R\ space, there exist disjoint re— open sets G and H 
such that c K ({ 2 }) C G and c K ({y}) C H. Therefore, (X, re) is a re — T 2 space. 
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Abstract Quaternion operators have an important role as a screw and a rotation operator in 
Euclidean motion. We introduce a new operator similar to quaternion operator in Galilean 
motion. This operator is defined as a dual quaternion operator by using some information in 
[1]. Then, we have geneneralized this operator for n-dimensional Galilean space. 

Keywords Galilean transformation, dual complex numbers, Quaternion operators, lie group. 



§1. Introduction 

A unit real quaternion is a rotation operator on rigid body motion in Euclidean space. Unit 
dual quaternions are also used both as rotation and screw operators. Unit dual quaternions are 
seen as screw operator especially in Mechanics and Kinematics. Galilean geometry of motions 
was studied in [3] . n- dimensional dual complex numbers was given in [4] . These numbers are 
viewed as analysis. Galilean transformations are given as shear motion on plane [2]. Shear 
motion in Galiean space G 3 was given [2]. Moreover, union of shear motion and Euclidean 
motions was introduced. Galilean transformation ( shear motion) was given by quaternions 
( in dual quaternion form) [1]. Here, we redefine dual quaternions in a new way for the first 
time. We work out Majernik’s work in a new point of view by using structures of Lie groups 
and algebras. These are subgroups of Heisenberg Lie groups. We obtain elements of groups by 
the exponential expansion of quaternion forms of an element of Lie algebra. And we extended 
the work to the Galilean space G n . Finally, we give Galilean transformation as dual quaternion 
operators. 



§2. Galilean transformations in galilean space G 2 



Galilean transformations were examined widely in [2]. Let X £ R n and G n be Galilean 
space ( R n , ||||) with 

( 

|aq|, ii/O 

\fxl-\-x %-\- ... + xl, X! = 0 



IYII = 
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for n = 2,3, 4. We redefine Galilean transformation by using quaternion operators. For any 
X = (x,y) £ G 2 , Galilean transformation (shear motion) is defined as the following: 

/ : G 2 —* G 2 , X — > f(X) = (. x , vx + y), 

/ is a linear transformation, so / has the matrices form as the following 

x 
V 

Lemma 2.1. Let / be a linear transformation. Then / is a Galilean transformation, where 
/ : G 2 -> G 2 ,X -> f(X) = (x,vx + y). 

Proof. For x ^ 0 and x = 0 , we have 

\\X\\ = \x\ = \\f(X)\\ 



f(X) = 



1 0 
V 1 



and 

\\X\\ = \y\ = \\f(X)\\. 



f is a Galilean transformation, because the linear function / is a isometry. 

Theorem 2.1. Let Gal( 2) be a Lie group. Then Gal( 2) and g( 2) are Lie algebras of 
Gal( 2), where 



GaZ(2) = 



1 0 
v 1 



:v£R 



,5(2) = 



0 0 

ui 0 



v\ £ R 



§3. Dual numbers and galilean transformation in G 2 

Every vector X = (x, y) in R 2 can be written as X = x+sy with e 2 = 0. So sp {1, e} = R 2 . 
The form of x + ey is called dual quaternion form of X. 

Lemma 3.1. Dual quaternion Q = 1 + ev is a Galilean transformation in G 2 . 

Proof. Since Q = 1 + ev , we have 

QX = (1 + ev)(x + ey) = x + e(y + vx) 



and 

iiQX|| = imi. 

So, Q is a Galilean transformation in G 2 . By using exponential map from Lie algebra to Lie 
group, on g £ g(2) as in g = ev\ form : 



e : g( 2) -> Gal{ 2) 

g — ► e 9 = e evi = 1 + ev \ . 

Corollary 3.1. Q = e 9 = 1 + ev\ is a dual quaternion operator. Thus dual quaternion 
operator Q is a Galilean transformation. 
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§4. Galilean transformation (shear motion) in galilean space 

G 3 



In this section shear motion on Galilean spaces G 3 , Lie group structure of this motion and 
exponential form are given. 

Theorem 4.1. / is a Galilean transformation(shear motion), where 

/ : G 3 — > G 3 

X — > f(X) = ( x , ax + y,bx + z) 



’100' 




X 


a 1 0 




y 


_ b 0 ! _ 




z 



Proof. For x 7^ 0 and x = 0 , we have 

\\f(X)\\ = \x\ = \\X\\ 

and 

||/(*)|| = v^T^= ||*|| . 

So, / is a Galilean transformation. 

Theorem 4.2. Gal( 3 ) is a Lie group and the g( 3 ) is a Lie algebra of Gal( 3 ), where 



Gal ( 3 ) 





’ 1 


0 


0 ’ 


I 


r 


a 


1 


0 


\a,b € R . 




_ b 


0 


1 _ 


J 







0 


0 


0 ’ 


5 ( 3 ) = < 




ai 


0 


0 






. b 


0 


0 _ 



|oi, bi tE R 



§5. Heisenberg lie group 

The set of matrices 







’ 1 


Xi 


%3 


I 


H 




0 


1 


X 2 


: Xi e R, i = 1,2 , 3 . 






_ 0 


0 


1 


J 



is a Lie group with repect to the matrix multiplication. This Heisenberg group has many 
important applications on Sub-Riemannian geometry and has very important role in physics. 
Lemma 5.1. Gal( 3 ) is a subgroup of Heisenberg Lie group. 

Proof. Gal( 3 ) is obtained from Heissenberg Lie group by taking X2 = 0 . 
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§6. Dual Quaternions and galilean transformation in G% 

Every vector X in R 3 can be written as X = x + iy + jz , where i 2 = j 2 = ij = ji = 0 
and sp{l,i, j} = R 3 . The form X = x + iy + jz is called as dual quaternion form of X £ R 3 . 
Lemma 6.1. Q = 1 + ai + bj is a Galilean transformation in G 3 . 

Proof. Since Q = 1 + ai + bj, we have 

QX = (1 + ai + bj)( x + iy + jz) 

= x + (ax + y)i + (bx + z)j 



and 

\m\\ = ii*n . 

Thus the Q is a Galilean transformation. Furthermore, we can write g £ g( 3) as g = a\i + b\j . 
So we can write an exponential map as follows: 

e : g( 3) — > Gal( 3) 

g — > e 9 = e aiI+6u = 1 + ai i + b\j. 

Corollary 6.1. e 9 = Q = 1 + a\i + bij is a dual quaternion operator. Thus the dual 
quaternion operator Q is a Galilean transformation. 



§7. Galilean transformations in galilean space G<± 

In this part shear motion is defined in Galilean spaces G\. Structure of Lie group of this 
motion and exponential form are given. 

Theorem 7.1. / is a Galilean transformation(shear motion), where 

/ : G 4 -» G 4 

X —*■ f(X ) = (x, ax + y,bx + z, cx + l ) 



’1000" 




X 


a 1 0 0 




y 


6 0 10 




z 


c 0 0 1 




_ l _ 



Proof. For x ^ 0 and x = 0, we have 

ll/POH = |z| = \\X\\ 

\\f(X)\\ = Vy 2 + z 2 + i 2 =\\x\\. 



So, / is isometry and Galilean transformation. 
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Theorem 7.2. Gal(4) is a Lie group and g( 4) is a Lie algebra of the Gal( 4), where 



<7(4) = a = 



ai 0 0 0 

&i 0 0 0 

ci 0 0 0 





’ 1 


0 


0 


0 ' 






a 


1 


0 


0 




A = 


b 


0 


1 


0 


\a,b,c £ R 


K 


c 


0 


0 


1 


> 


0 


0 


0 


0 


1 





!«!,&!, ci e f? > 



§8. Dual Quaternions and galilean transformations in G 4 

In this part, we reviewed study in [1], Every vector X in R 3 can be written as the form 
X = x + iy + jz + kl , where 

i 2 = j 2 = k 2 = ij = ji = ik = ki = kj = jk = 0 



fc} = -R 4 - 

The form X = x + iy + jz + kl is called as dual quaternion form of X £ R 4 . 
Lemma 8.1. Q = 1 + ai + bj + dk is a Galilean transformation in G 4 . 
Proof. Since Q = 1 + ai + bj + dk , we have 

QX = (1 + ai + bj + dk)(x + iy + jz + kl) 

= x + (ax + y)i + ( bx + z)j + ( dx + l)k 



and 

HOT = 11*11 • 

Thus, Q is a Galilean transformation. Furthermore, we can write g £ g(3) as g = a±i + b\j + 
d\k. So we can write an exponential map as follows: 

e : g( 4) - Gal( 4) 

<7 -» e 9 = e a ^ +blj+dlk = l + oi * + b x j + cRk. 

Corollary 8.1. Q = e 9 = 1 + a\i + b\j + d\k is a dual quaternion operator. Thus dual 
quaternion operator Q is a Galilean transformation. 
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§9. Galilean transformations in galilean space G n 

In this part, Galilean transformation generalized to Galilean spaces G ni by using Galilean 
transformation in spaces G 2 , G3 and G4 . 

Theorem 9.1. / is a Galilean transformation, where 



/ : G„ — > G n 



X —> f(X) = (xi,V!Xi + x 2 , V n -iXi + x n ) 



1 0 0 0 0 




Xi 


V! 1000 




X 2 


v 2 0 10 0 




X 3 


V n _i 0001 




Xn 



Proof. For xi 7^ 0 and X\ = 0 , we have 



||/(X)|| = |x 1 | = ||X|| 



and 

ll/POII = Vx 2 2 + X 3 2 + ---+X n 2 =\\x\\ . 



Then, / is isometry, thus / is a Galilean transformation. 

Theorem 9.2. Gal(n) is a Lie group and g(n) is a Lie algebra of Ga/( 4 ), where 







1 


0 


0 


0 


0 


0 


\ 






Vl 


1 


0 


0 


0 


0 




Gal(n ) = < 




V 2 


0 


1 


0 


0 


0 


\vi,l> 2 , 1 € R 






V n -1 


0 


0 


0 


0 


1 


> 







0 


0 


0 


0 


0 


0 








ai 


0 


0 


0 


0 


0 




II 

'05 




a 2 


0 


0 


0 


0 


0 


|®1? ^2? j 0*71— 1 G R 






&TI— 1 


0 


0 


0 


0 


0 


> 
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§10. Dual Quaternions and galilean transformation in G n 

In this part, every vector X in R n is written in form X = x\ + 2:2*1 + 2:3*2 + • • • + x n i n - i, 
where Xi, X 2 , ■ ■ ■ ,x n are real numbers. The components of X and *i, *2, • • • , i n - 1 are units 
which satisfy the relations if = if = ■ ■ ■ = if l _ 1 = 0 and ijik = ikij = 0, 1 < k,j < n — 1. 

Also, sp{ 1, , in— i } = R n , X — x\ + X 2 %\ + a.’3«2 + • • • + x n in-i is called as dual 

quaternion form of X £ R n . 

Lemma 10 . 1 . Dual quaternion operator Q = 1 + +^2*2 + ■ • • + v n -\i n -i is a Galilean 

transformation. 

Proof. Since Q = 1 + t>i*i + V2I2 + • • • + t> n — 1L1-1, we have 

QX = (1 + ui*i + V2I2 + • • • + v n -ii n -i)(xi + X2I1 + 2:3*2 + • • • + x n i n - 1) 

= xi + (v\Xi + a; 2 )*i + (v 2 xi + 2:3)12 H {v n -\X\ + 2;„)*„_i 



and 

11^11 = 11 ^ 11 - 



So, the dual quaternion operator Q is a Galilean transformation. For any element from Lie 
algebra , a £ g(n), a = ai*i + <*2*2 + • • • + a n _i* n _i £ g(n) by using exponential map, we have 



e : gin) — > Gal(n) 

Q y gfl _ gtti2i+a2*2H \-a,n— lin — 1 

= 1 + ai*i + 02*2 + • • • + a n _i* n _i. 

Corollary 10.1. The transformation Q is a dual quaternion operator. So, dual quaternion 
operator Q is a Galilean transformation. 

Corollary 10.2. Let a, 6 £ g{n), then Q{a) = e° £ Gal{n) and Q{b) = e b £ Gal{n). 
Furthermore Q(a)Q(b) = e a e b = e a+b = Q(a + b). This implies the addition theorem for 
the velocity on a Galilean transformation. 
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Abstract This paper introduces the concept of fuzzy number valued Lebesgue outer measure. 
A non-negative countably subadditive function m* on the power set of a set A' by means of 
a given additive function on an algebra of subsets of X, and a new collection of measurable 
sets E are constructed , where E satisfy the relation m* (A) = m* (A n E) + m* ( A n (X\E) ), 
for any subset A of A' . 
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§1. Introduction 

There are articles in the literature associated with fuzzy outer measure [3]. We construct 
fuzzy number valued outer measures and measurable sets that is similar to that of Carathrodory 
construction. In section 3 we deal with fuzzy number valued Lebesgue outer measure in the real 
line R and in section 4, the results obtained in section 3 are carried to arbitrary fuzzy number 
valued measure space (X, f 2 , to). 

In section 2 we give preliminary ideas relevant to fuzzy numbers. 



§2. Basic Definitions 

F, h is called a fuzzy number 



a closed interval denoted by 

U 

Ae[o,i] 

Remark 2.3. The fuzzy number [a, 6] is defined by [a, b\ (x) = 1, iff x G [a, 6] and [a, b](x) = 
0, iff x [a, b ]. Similarly we can define (a, b). 

If a = b then [a, 6] is simply denoted by a. i.e a is defined as a(x) = 1, iff x = a and 
a(x) = 0 iff x ^ a. Obviously then [a, 6], a € F*. 



Definition 2.1. Let F = {h\h : R — » [0, 1]} . For every h G 
if it satisfies the following properties: 

a) h is normal i.e there exists an x G R such that n(x) = 1 

b) whenever A G [0, 1] , the A— cut , n\ = {x : h > A} is 
[n^,n^"] We denote the set of all fuzzy numbers on R by F* . 

Remark 2.2. By decomposition theorem of fuzzy sets h = 
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Further [a, b] = (J A[a, &]. and a = [J A[a, a]. 

Ae[o,i] Ae[o,i] 

Remark 2.4. A fuzzy number h which is increasing in the interval (a, b), h([b, c]) = 1 
and is decreasing in the interval ( 6 , c) is simply denoted by (a, b , c, d). Here n([ 6 , c]) = 1 means 
n{x) = 1 for every x £ [6, c] . 

The fuzzy number (a, 6 , c, c + e) where e > 0 is denoted by (a, [ 6 , c]) and the fuzzy number 
(a — e, a, b, c) where e > 0 is denoted by ([a, b],c). 

Similarly the fuzzy number (a, b, b, b + e) where e > 0 is denoted by (a, b) and the fuzzy 
number (a — e, a, a, b) where e > 0 is denoted by (a, b). 

Definition 2.5. For every a,b £ F* the sum a + b is defined as c where cf = af + b 7 and 
cj = aj + b~l for every A £ (0, 1]. 

Definition 2.6. For every a,b £ F* we writea < b if af < bf and < b\ for every 
A £ (0, 1]. 



§3. Fuzzy number valued Lebesgue outer measure 

Definition 3.1. Let fj, : R — > [0, 1] be a fuzzy subset of the real line. The fuzzy number 
valued Lebesgue outer measure for the fuzzy subset /i is defined as m*(/x) = (0,/\) where 

K = inf ^2 sup n{x) ) l(I n ) and the infimum is taken over all countable collection (/ n ) of 

n — 1 \xGln J 

open intervals covering R. 

Proposition 3.2. If /ii < /i 2 , then m*(fi 1 ) < m*(/i 2 ). 

Proof. = (0,A'i) where K\ = inf Jf, [ sup ^i( x ) ) K^n) < (0, K 2 ) where 

n = 1 \x(2l n J 



K 2 = inf sup n 2 (x) I l{I n ) = m*(fi 2 ). 



Lemma 3.3. If Hi and fi 2 are any two fuzzy sets and /1 = /ii V /z 2 , then 

m*(/x) < m*(fi 1) + m*(/Li 2 ). 

Proof. If m*(p. 1 ) = (0,do) or m*(^ 2 ) = (0,do) then the lemma is trivial. 

00 / \ , 

Suppose that m*(/r 1 ) 7 ^ (0,cfo) and m*(fj, 2 ) 7 ^ (0,cx)). Let I\\ = inf SU P MiW K^n) 

n=l \xGl' n J 

00 ( \ 

and K ‘2 = inf J2 sup /r 2 (x) l(I n ) 

n = 1 \x£l'n J 

Choosing e > 0 we can find countable covers {I 1 ,1 2 , ■ • ■ } and {7/ , J 2 , • • • } of open intervals 
for R such that J2 ( sup Hi(x) ] l(I n ) < K 1 + e/4 and J2 ( sup ^ 2 ( x ) J l(f n ) < K 2 + e/4. 



71=1 \xei' 



n—1 \xEl’ 



Set another sequence { J lt J 2 , • ■ ■ } of pairwise disjoint open intervals such that R — (J J n = T 



(say) is countable and such that each J n is contained in some /, and . Choose a sequence of 
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open intervals J’[ , J 2 ’ , ■ • • such that ]T) Z(j”) < e/4 and T C (J J” . 

71=1 n=l 

Setting {/i, J 2 , • • ■ } = , J 2 , ■ ■ ■ } we can find {/i, / 2 , • ■ ■ } is a cover of R. 

Also 



X! ( SU P Mi 0*0 ) Z (4) 

„=i V®e/„ / 



< SU P Mi 0*0 + 55 sup Mi 0*0 l(J n ) 

n =x \xeJ/ / „-i \xeJ” ' 



n—1 



- 55 su p mi(») ) *(4) + 55 *04) 

n=l / 



71=1 



< K i + e/4 + e/4 = Ad + e/2. 



Similarly we find ^ I sup /i 2 (x) j l{I n ) < A' 2 + e/2. 

71=1 \xG/ n / 

If A = inf ( SU P l J '( x )] Kin), then 

n= 1 Vx-e/n / 



A < sup K4) 

n=l k*6A ^ 

< 55 ( su p miW ) + 

n=l ^ xe/ ™ ' 

55 ( SU P M2 0*0 J l(In) 
n^l / 

< K\ + e/2 + A 2 + e/2 



and hence A < Ad + A 2 . 
Therefore 



m*(/x) = (0, A) < (0, Ad + A 2 ) = (0, Ad) + (0, A 2 ) = m*(/n) + m*(/i 2 ) 

Remark 3.4. By using the induction on n the result of above lemma can be extended as 
+ m*(fj , 2 ) H m*(/j, n ) whenever ^ = /j,x V /x 2 V • • • V /U n . 



Lemma 3.5. m*(/x) = (0, A) where K = inf ( sup /i(x) I m(A n ) and the infimum is 

n=l \i£A„ / 

OO 

taken over all sequences (A„) of Lebesgue measurable subsets of R such that R = [J A n . 

71=1 

Proof. Let A = inf Jf, ( SU P A*( x ) ) and A = inf I sup /x(x) I m(A n ) 

71= 1 \XG/n / 71=1 \x^A n J 

We have to prove that A = A for which it is enough to show that K < A . 

Suppose that A < oo. Choosing e > 0, we can find a sequence {e„} with e„ > 0 for all ra 

OO 

such that e n < c/4. Accordingly we can have a sequence of Lebesgue measurable subsets of 
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To each n, find a sequence of pairwise disjoint open intervals such that m 

oo 

e n and such that (J I nk A A n = M n (say) is countable. 
k = 1 



U In k 

,k = 1 




< 



OO oo 

Finding a sequence {</„} of open intervals such that (J M n C (J J„ and such that 

n — 1 n = 1 

oo 

E ^n) < £ / 4 ' 

n=l 

Clearly { I nk , J n : k = 1, 2, ■ ■ • , n = 1, 2, • • • } is a cover for A and we have 



OO OO 



EE sup n(x) l{In k ) + ( sup /i(x) ] l(J n ) 

n —1 k—1 \ x ^ In k J n=l ' 

OO ✓ \ oo 

< E ( sup ^( x ) ) + e «) + E l ( Jn ) 

n=l / n=l 

OO 

< A + 'y ' Cn + e/4<A" + e 



n= 1 



as 0 < /x(x) < l,m 
every n. 



U -^n fe 

k= 1 




< e ra and {/„ fc },fc = 1,2- •• are pairwise disjoint for 



Therefore K = K . and hence the result follows. 



Theorem 3.6. If E is a Lebesgue measurable subset of the real line and p, is a fuzzy subset 
of R then m*(/i) = m*(/r (~l E) + (~1 E c ). 

Proof. 



m*(n) = fl (A U E c )) = D E) U (n D E c )) 

< m*{n fl E) + to*(/x n E c ). 



Suppose that m*(/x) = (0, AT), m*(/i fl E) = (0, A'i) and m*{fi fl E c ) = (0, A^)- 
If K = oo, the result is trivial. 

Suppose that AT ^ oo. Choosing e > 0 we can find a sequence {A n } of pairwise disjoint 

OO 

measurable subsets of R such that [J A n = R and 

n— 1 




m(A n ) < I< + e. 
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Therefore by previous lemma, 



K\ + 1< 2 



OO / 

< ( sup Md a xe(x) 

n=l E 

V( sup /i(x)Axe(x)) 
n=1 \ieA„ nE° J 

V sup /i(i)Axe«W 

n=l VaieA„n-E / 

00 / N 

Vf sup (i(i)AXE'W 

n=1 \xeA n nEc J 



^ m{A n nfi) + 
m(A n fl E c ) + 
m(A n fl E) + 

) m{A n n E c ) 




^ m(A n HE) + 
m(A n fl E c ) 




m(A n ) < K + e. 



Therefore 

m*(nnE) + m*(nnE c ) = (0, K\) + (0, K 2 ) = (0, I< ± + K 2 ) < (0, I<) = m*(n). 



Hence the result. 

Remark 3.7. Using above theorem we can define Lebesgue measurable fuzzy subset A as 
follows: 

A fuzzy subset A is Lebesgue measurable iff m*(/x) = I A) + to*(/x fl A c ) for some 

complement A c of A. 



§4. General Fuzzy number valued Lebesgue outer measure 

We shall assume X as a nonempty set, fi denotes a a— algebra of subsets of A' and m 
denotes a positive measure on f 1. 

Definition 4.1. Let /i : X — > [0, 1] be a fuzzy subset of X. The fuzzy number valued outer 

00 / 

measure for the fuzzy subset /x is defined as m* (/x) = (0, K) where K = inf ^ I sup 

n=l \x£A n 

and the infimum is taken over all countable collection ( A n ) in fl which cover X. 

The following result can be proved that is analogous to lemma 3.3. 

If /x 1, fJ>2, • • • /x n are fuzzy subsets of A and if fx = Hi V [x 2 V • • • V /x„ then < ?n*(/xi) + 

m*(/x 2 ) H m* (/x„). 

Let flj = E C X : to* (A) = to* (A fl E) + to* (A fl E c ) for every ACI. Then f U is a— 
algebra, Hi C fi. If m(A) = to* (A) for every A € Hi then to is a positive measure on Hi. If 
to* is finite(<T— finite) then to is finite(cr— finite). We use to(A) instead of m*(A) whenever 
A € Hi. 



ix(x) m(A n ) 
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Lemma 4.2. If /i is fuzzy set on X then m*(/i) = (0, K), where 
°° / \ 

K = inf sup /i( x) I m(A n ) and the infhnum is taken over all sequences (A n ) of sets in 

n=l WeY, / 

oo 

fli such that X = U A n . 

n — 1 

Proof. The proof is similar to that of lemma 3.5 with the following modifications. 

OO 

To each n, such that sup fi(x) ^ 0, choose a sequence such that A n C (J A nk , A nk G 

fc=l 

fi, A nk are pairwise disjoint, and 



m 





^ ^ 7 1- 



Let B be the set obtained from X after removing all A nk . Then 
{A nk : k = 1, 2, • • • } U {B} is a cover for X which leads to the conclusion of the as in lemma 

3.5. 

Theorem 4.3. If E £ and /r is a fuzzy subset of X , then 



ni*(n) = m*(n fl E) + m*{^i D E c ) 

Proof. Analogous to the proof in lemma 3.6 

Remark 4.4. Using above theorem if we wish to define measurable fuzzy subset A of A 
as those A which satisfies m * (//) =m*(/iflA) + m* {fi fl A c ) for some complement A c of A then 
A must be fl!— measurable. 
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Abstract In this paper we prove that the “intermediate point” £ of Lagrange mean value 
theorem is a function, furthermore, we study its monotonicity, continuity and derivable prop- 
erty. For application, we give an example to show the incorrect for a proof method in course 
of calculus teaching. 
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§1. Introduction 

Lagrange mean value theorem is one of most important theorems in calculus. It is an 
important tool to study the property of function. It sets up a “bridge” between function and 
derivable function. But Lagrange mean value theorem only affirms existence of “intermediate 
point” £ , not states its other properties. Recently, some people have studied asymptotic 
qualities of £ and obtained good results. In this paper, on the base of summarizing related 
results, we study the monotonicity, continuity and derivable property of £ . 



§2. Several lemmas 



Lemma 1 . (Lagrange mean value theorem) Assume that f(x) is continuous on the closed 
interval [a, b } and derivable on the open interval (a, b). Then for \/x £ (a, b ], there at least 
exists a point £ £ (a, x), such that 



m 



f(x) - f(a ) 
x — a 



(i) 



In reference [1-4], they obtain some important results, among them the most typical result 
is as follows. 

Lemma 2. Assume that f(x) is a first-order continuous and derivable function on interval 
[a, 6], and /'( x) — f'(a) is a-order infinitesimal of x — a, where a > 0. Then £ with (1) has 
asymptotic estimator 

1 

a T 1 

1 This work is supported by the Gansu Provincial Education Department Foundation 0608-04. 



lim 7— — — 
b — >a b — a 




(2) 
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§3. Main results and their proofs 



Assume that /(x) satisfies the conditions of lemma 1 when x £ [a, b), then for \/x £ (a, b\, 
when a is fixed, the “intermediate point” £ changes with x and £ has important properties as 
follows. 

Theorem. Assume that /( x) is continuous on the closed interval [a, 6] and derivable on 
the open interval (a, b ), and /(x) is second-order continuous and derivable in interval (a, b), 
f'{ x) is strictly monotone in interval(a, b) , f"{x) is always positive or always negative in 
interval (a, b), then we have 

(i) The point £ with ( 1 ) is a uniform function about x, notes £ = £(x); 

(ii) £ = £ (x) is a monotone increasing function about x; 

(iii) £ = £(x) is a continuous function about x; 

(iv) £ = £(x) is a derivable function about x and 



f(x)-/'(£(x)) 
(x - a)/"(£(x)) ' 



(3) 



Proof, (i) Because f'(x) is strictly monotone in interval (a, b ), we can easily prove that 

(i) holds. 

(ii) Assume that f'(x) is monotone increasing in interval (a, b), for Vxi,X2 £ (a, b) and 
Xi < X2, by given condition and lemma 1 we have 

f(x 2 ) - /(a) = /'(£(x 2 ))(x2 - a), /(x i) - /(a) = / , (£(xi))(xi - a). 

So /(x 2 )-/(x i) = [/'(£(a:2))-/ , (£(xi))](xi-a) + / , (£(x2))(x2-xi). Also by /(x 2 )-/(x i) = 
f'{r})(x 2 - xi), hence 

\f(v) - *0 = - r^mx, - a), 

where X\ < rj < x 2 , a < £(xi) < X\, a < £(x 2 ) < x 2 , a < X\ < x 2 < b . Because f(x) is 
monotone increasing, we have > f'{£,(x i)), and 



f(v) ^ f'(€(x2))(x 2 -a) = f'(rj)(x 2 - xi) + f'(r/)(x i - a) - /'(£(x 2 ))(x 2 - a) 

> f' 0 l)(x 2 - X 1) + /'(£(xi))(xi - a) - /'(£(x 2 ))(x 2 - a). 



But f'(r/)(x 2 - xi) = f(x 2 ) - f(x 1), 
f(£,(xi)){x 1 ~a) = f(x 1) - /(a), 
f(€(x 2 ))(x 2 - a) = /(x 2 ) - /(a), 

So [/'(?7) - /'(£(x 2 ))](x 2 - a) > 0 , 

f(v) f(S(x 2 )) > 0, 

ntfa)) nt( Xl )) > 0 . 

By monotone increasing f (x) , we have 
£(x 2 ) > £(xi). 

When / 7 (x) is monotone decreasing in interval (a, 6 ), the proof is same to above proof. 



(iii) By given conditions and Lemma 1 , we have 
/'(«*» = /(I) “ /(a) 



and 



/'(£(x + /i)) = 



x — a 

f(x + h)~ /(«) 



SO 



x + h — a 
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mx+h))-r(ax)) = 



(:r - a) [f(x + h)~ /(a)] - h[f{x) - /(a)] 



(x + h — a) (x — a) 

By (ii), we know that £ = £(x) is a monotone function about x. When h ^ 0 , also by Lemma 
1, we have 

m* + h)) - nz(x)) = + *o - £(*)], 

where 77 lies between £(x + h) and £(x), so 



lim [£(x + h) — £(x)] = lim 
h —*0 h —>0 



{x - a)[f(x + h)~ /(a)] - h[f (x) - /(a)] 



f"{rj)(x + h — a)(x — a) 
That is to say, £ = £(x) is continuous in interval (a, b). 

(iv) By definition of derivative, we have 



= 0 . 



£'(*) 



lim £0 + h) - £(x) 
h^O h 



(x 

lim — 

h—> 0 



a) 



f{x + h)~ f (x) _ 

h 

f"(v)(x + h -a)(x 



[/(x) - /(a)] 

-a) 



(x-a)/'(x) — /(x) + /(a) 
/"(£(x))(x-o) 2 
/'(x)-/'(£(x)) 

(x - a)/"(£(x)) ' 



Thus, the proof is complete. 

Finally, it deserves to mention that, in the course of teaching higher mathematics, some 
people consider the application of this theorem as an incorrect proof method. In fact, this 
thinking is not right, we give an example. 

Example. Assume that /(x) is quadratic differentiable on the closed interval [a, b\ and 
/"(x) > 0, we try to prove that the function 



9 {x) 



/(x) - /(a) 
x — a 



is a monotone increasing function in the open interval (a, b). Proof By Lemmal, we have 



/(x) - /(a) = /'(£(x))(x - a), a < £(x) < x < b. 



So 

= /(SW) . 

x — a 

By above theorem we know that £ = £(x) is a monotone increasing and derivable function in 
the open interval (a, 6), also by derivative rules of compound function, we have 

g'(x) = /"(£(x))£'(x), 

but f'(x) > 0 and £'(x) > 0, so 

g'(x) = /"(£(*))£'(*) > 0 . 



Thus, the proof is complete. 



110 



Dewang Cui, Wansheng He and Hongming Xia 



No. 1 



References 

[1] Wang Zewen, etc, the Inverse Problem to Mean Value Theorem of Differentials and Its 
Asymptotic Property, Journal of East China Geological Institute, 26(2003), No. 2, 126-128. 

[2] Li Wenrong, Asymptotic Property of intermediate point to Mean Value Theorem of 
Differentials, Mathematics in Practice and Theory, 15(1985), No. 2, 46-48. 

[3] Zhang Guangfan, A Note on Mean Value Theorem of Differentials, Mathematics in 
Practice and Theory, 18(1988), No. 2, 87-89. 

[4] Dai Lihui, etc, the Trend of Change of to Mean Value Theorem of Differentials, Chinese 
Journal of Engineering Mathematics, 10(1994), No. 4, 178-181. 

[5] Wu Liangsen, etc, Mathematics Analysis, East China Normal University Publisher, 
8(2001), No. 3, 119-123. 



Scientia Magna 
Vol. 5 (2009), No. 1, 111-123 



Some properties of (a 1 f3 )- fuzzy BG - algebras 

L. Torkzadeh t and A. Boruman Saeid 1 

t Department of Math., Islamic Azad University, Kerman branch, Kerman, Iran 

* Department of Math., Shahid Bahonar University of Kerman, Kerman, Iran 
ltorkzadeh@yahoo.com arsham@iauk.ac.ir 

Abstract By two relations belonging to (£) and quasi-coincidence (q) between fuzzy points 
and fuzzy sets, we define the concept of (a, (3 )- fuzzy subalgebras where a, (3 are any two of 
{£,q, £ Vq, £ Aq} with a f^£ A q. We state and prove some theorems in (a, /3)-fuzzy BG- 
algebras. 

Keywords BG-algebra, (a,/3)-fuzzy subalgebra, fuzzy point. 



§1. Introduction 

Y. Imai and K. Iseki [3] introduced two classes of abstract algebras: BC AT-algebras and 
SCJ-algebras. It is known that the class of BGA"-algebras is a proper subclass of the class 
of B Cl- algebras. In [7] J. Neggers and H. S. Kim introduced the notion of d-algebras, which 
is generalization of BGA"-algebras and investigated relation between d-algebras and BCK- 
algebras. Also they introduced the notion of 5-algebras [6]. In [4] C. B. Kim, H. S. Kim 
introduced the notion of BG-algebras which is a generalization of B-algebras. In 1980, P. M. 
Pu and Y. M. Liu [8], introduced the idea of quasi-coincidence of a fuzzy point with a fuzzy set, 
which is used to generate some different types of fuzzy subgroups, called (a, /3)-fuzzy subgroups, 
introduced by Bhakat and Das [2]. In particular, {£,£ Vg}-fuzzy subgroup is an important 
and useful generalization of Rosenfeld’s fuzzy subgroup. In this note we introduced the notion 
of (a, /3)-fuzzy 5G-algebras. We state and prove some theorems discussed in (a, /3)-fuzzy BG- 
subalgebras and level subalgebras. 



§2. Preliminary 

Definition 2.1. [4] A BG-algebra is a non-empty set X with a consonant 0 and a binary 
operation * satisfying the following axioms: 

(I) x * x = 0, 

(II) x * 0 = x, 

(III) (x * y) * (0 * y) = x, for all x, y £ X. 

For brevity we also call X a BG-algebra. In X we can define a binary relation < by x < y 
if and only if x * y = 0. 

Theorem 2.2. [4] In a HG-algebra X, we have the following properties: 
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Theorem 2.2. [4] In a BG - algebra X, we have the following properties: 

For all x,y £ X , 

(i) 0 * (0 * x) = x, 

(ii) if x * y = 0, then x = y, 

(iii) if 0 * x = 0 * y, then x = y, 

(iv) (x * (0 * x)) * x = x. 

Theorem 2.3. [4] A non-empty subset I of a BG - algebra X is called a subalgebra of X 
if x *y £ I for any x,y £ I. 

A mapping / : X — * Y of BG-algebras is called a BG-homomorphism if /( x * y) = 
f(x) * f(y) for all x,y £ X. 

We now review some fuzzy logic concepts (see [2] and [10]). 

Let X be a set. A fuzzy set A on X is characterized by a membership function yA '■ X — > 
[0,1]- 

Let / : X — > Y be a function and B a fuzzy set of Y with membership function ys- The 
inverse image of B , denoted by f~ 1 (B), is the fuzzy set of X with membership function /i/- tm) 
defined by A 4 /- 1 (b)( x ) = yB{f{x)) for all x £ X. 

Conversely, let A be a fuzzy set of A' with membership function yA- Then the image of A, 
denoted by f(A), is the fuzzy set of Y such that 

j sup Ha(x) if / _1 (y) yf 0, 

Hf(A)(v) = < 

0 otherwise. 



A fuzzy set y of a set X of the form 

I t if y = x, 

Ky) '■= S 

I 0 otherwise. 

where t £ (0,1] is called a fuzzy point with support x and value t and is denoted by Xt- 

Consider a fuzzy point Xt, a fuzzy set /iona set X and a £ {£,q,£ Vg, £ Ag}, we define 
XtOty as follow: 

(i) x t £ y (resp. x t qy) means that y(x) > t (resp. y(x) + t > 1) and in this case we said 
that Xt belong to (resp. quasi-coincident with) fuzzy set y. 

(ii) Xt £ Vqy (resp. Xt £ hqy) means that Xt £ y or Xtqy (resp. Xt £ y and a hqy)- 
Definition 2.4. [1] Let y be a fuzzy set of a BG-algebra X. Then y is called a fuzzy 

SG-algebra (subalgebra) of X if 



y{x *y)> min {y(x),y(y)} 



for all x, y £ X. 

Example 2.5. [1] Let X = {0, 1, 2, 3} be a set with the following table: 
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* 


0 


1 


2 


3 


0 


0 


1 


2 


3 


1 


1 


0 


1 


1 


2 


2 


2 


0 


2 


3 


3 


3 


3 


0 



Then (X, *,0) is a HG-algebra. Define a fuzzy set y : X — > [0, 1] on X, by /i(0) = /x(l) = to 
and /x(2) = y{ 3) = G, for t 0 , G £ [0, 1] and t 0 > G- Then y is a fuzzy BG-algebra of X. 

Definition 2.6. [2] Let y be a fuzzy set of X. Then the upper level set U(y; A) of X is 
defined as following : 

U(y; A) = {x £ X | y( x) > A}. 

Definition 2.7. Let / : X — > T be a function. A fuzzy set y of X is said to be 
/-invariant, if f{x) = f(y) implies that / i[x ) = y(y), for all x,y £ X. 



§3. (a,/?)-fuzzy .BG-algebras 

From now on X is a BG-algebra and a, (3 £ {£,g, £ Vg, £ Ag} unless otherwise specified. 
By ayo/t we mean that Xtaf-i does not hold. 

Theorem 3.1. Let /j be a fuzzy set of X. Then y, is a fuzzy UG-algebra if and only if 

x tnUt 2 £ /X => (x * 2/) m in(t 1 ,t 2 ) € Ab (1) 

for all x, y £ X and fi, f 2 £ [0, 1], 

Proof. Assume that y is a fuzzy f?G-algebra. Let x , y £ X and x tl ,yt 2 € Mi f° r ti,t 2 € 
[0, 1] . Then /i(x) > ti and /x(y) > f 2 , by hypothesis we can conclude that 

^t(x * y) > min (y(x),y(y)) > min(ti,t 2 ). 



Hence (x * y) mi n(t 1 ,t 2 ) £ M- 

Conversely, Since x m(x) £ y and £ y for all x,y £ X, then (x * y) m in(n(x)^( v )) G M- 
Therefore y(x * y) > min(/i(x), y{y))- 

Note that if y is a fuzzy set of A' defined by y(x) < 0.5 for all x £ X, then the set 
{x t | x t £ A qy} is empty. 

Definition 3.2. A fuzzy set y of X is said to be an (a, (3 )- fuzzy subalgebra of X, where 
a t^£ A q, if it satisfies the following condition: 

x t! ay, yt 2 ay => (x * y) I mn(t 1 ,t 2 )0li 

for all ti, t -2 £ (0, 1]. 

Proposition 3.3. y is an (£, £)-fuzzy subalgebra of X if and only if for all t £ [0, 1], the 
nonempty level set U(y; t ) is a subalgebra of X. 



Proof. The proof follows from Theorem 3.1. 
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Example 3.4. Let X = {0, 1, 2, 3} be a set with the following table: 



* 


0 


1 


2 


3 


0 


0 


1 


2 


3 


1 


1 


0 


3 


2 


2 


2 


3 


0 


1 


3 


3 


2 


1 


0 



Then (X, *, 0) is a BG-algebra. Let /i be a fuzzy set in X defined /i(0) = 0.6, /i( 1) = 0.7 and 
/i(2) = /i( 3) = 0.3. Then /t is an (£, € Vg)-fuzzy subalgebra of X. But 

(1) /t is not an (e, e)-fuzzy subalgebra of X since lo .62 £ /4 and I 0.66 £ /t, but (1 * 

l)min(0.62,0.66) = 0o.62 £/4- 

(2) fj, is not a ( q , £ Vg)-fuzzy subalgebra of X since lo. 4 ig/t and 2o. 775 / 4 , but (l* 2 ) m i n ( 0 . 4 i ] o. 77 ) 
3o.4i€ Vg/i. 

(3) /r is not an (e Vq, £ Vq)- fuzzy subalgebra of X since I 0.5 £ Vg/t and 3o.s S Vg/t, but 
(1 * 3 ) m i n (o. 5 ,o. 8 ) = 20 . 5 S Vg/i. 

Theorem 3.5. Let /1 be a fuzzy set. Then the following diagram shows the relationship 
between (a, /3)-fuzzy subalgebras of X, where a, (3 are one of £ and q. 



(a, a V (3) 



(a, 




(a, a) 



(a, a A (3) 



{£ Vg,£ Vg) 



and also we have 





(£ Vg, £ Ag) 

Proof. The proof is easy. 

Proposition 3.6. If /t is a nonzero (a,/3)-fuzzy subalgebra of X, then /t(0) > 0. 



Proof. Assume that /i( 0) = 0. Since /i is non-zero, then there exists x £ X such that 
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/ z(x ) = t > 0. Thus Xtay for a =£ or a =£ Vg, but (x * x) m i n (t,z) = 0t/3y. This is a 
contradiction. Also Xi ay where a = q, since y(x) + l = t + l>l. But (x * a;) m i n (i,i) = 0i/?/z, 
which is a contradiction. Hence /z(0) > 0. 

For a fuzzy set y in X, we denote the support y by, X 0 := {x £ X | y(x) > 0}. 

Proposition 3.7. If y is a nonzero (£, £ Vg)-fuzzy subalgebra of X, then the set Xo is a 
subalgebra of X. 

Proof. Let x,y £ X 0 . Then / z(x ) > 0 and y(y) > 0. Suppose that y(x * y) = 0, then 
Xp(x) e ix and y^) £ y, but y{x*y) = 0 < minQ^x),/ z(y)) and y(x * y) + min(y(x) , y(y)) < 1, 
i.e (x * y) m in(/j(a:),/i(2/))G Vg/z, which is a contradiction . Hence x * y G Xo- Therefore Xo is a 
subalgebra of X. 

Proposition 3.8. If y is a nonzero (g, G Vg)-fuzzy subalgebra of X, then the set Xo is a 
subalgebra of X. 

Proof. Let x, y G X 0 . Then /z(x) > 0 and y(y) > 0. Thus /z(x) + 1 > 1 and y(y) + 1 > 1 
imply that Xiqy and yiqy. If y(x*y) = 0, then y(x*y) < 1 = min(l, 1) and /z(x*y) +min(l, 1) < 
1. Thus (x * :y)min(i,i)£ Vg/z, which is a contradiction. It follows that /z(x * y) > 0 and so 
x*y £ X 0 . 

Theorem 3.9. Let y be a nonempty (a,/3)-fuzzy subalgebra, where a,/3 G {£,< 7, G Vg, G 
Ag} and a y^G Ag. Then X 0 is a subalgebra of X. 

Proof. The proof follows from Theorem 3.5 and Propositions 3.7 and 3.8. 

Theorem 3.10. Any non-zero (g, g)-fuzzy subalgebra of X is constant on Xo- 

Proof. Let /z be a non-zero (g, g)-fuzzy subalgebra of X. On the contrary, assume that /z 
is not constant on X' 0 . Then there exists y G X 0 such that t y = y(y) yt y(0) = t 0 . Suppose 
that t v < to and so 1 — to < 1 — t y < 1. Thus there exists U , O G (0, 1) such that 1 — t 0 < t\ < 
1 — t y < t 2 < 1. Then /z(0) + ti = to + ti > 1 and y(y) + t 2 = t y + t 2 > 1. So t) tl qy and yt. 2 qy- 
Since 

y(y * 0) + min(ti, t 2 ) = y(y) + h = t y + ti < 1, 

we get that (y * 0) m ; n ( tl t2 )g/z, which is a contradiction. Now let t y > t 0 and t 0 7^ 1. Then 
y(y) + (1 - t 0 ) = t y + 1 - t 0 > 1, be yi-t 0 qy . Since 

/z(y * y) + (1 — to) = A*(0) + 1 — to = to + 1 ~ to = 1) 



then we get that (y * y)mi n (i-t 0 ,i-t 0 )qy, which is a contradiction. Therefore y is constant on 

X 0 . 



Theorem 3.11. /z is a non-zero (g, g)-fuzzy subalgebra if and only if there exists subal- 
gebra S' of X such that 



M(x) 



t if x G S 

0 otherwise 



for some t G (0,1]. 



Proof. Let y be a non-zero (g, g)-fuzzy subalgebra. Then by Proposition 3.6 and Theorems 
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3.9 and 3.10 we have y( 0) > 0, A 0 is a subalgebra of X and 



H{x) 



y(0) if x £ A'o 

0 otherwise 



Conversely, let Xt t qy and yt 2 qy, for £i ,£2 G (0, 1]. Then y(x) + 1\ > 1 and y(y) + £2 > 1 imply 
that y( r . r) 7^ 0 and y(y) 7^ 0. Thus x,y £ S and so x * y £ S. Hence y{x * y) + min(£ 1 ,£ 2 ) = 
£ + min(£i, £ 2 ) > 1. Therefore y is a (q, q)-fuzzy subalgebra of A'. 

Theorem 3.12. y is a non-zero (q, g)-fuzzy subalgebra of X if and only if U(y, y{ 0)) = A 0 
and for all £ £ [0, 1], the nonempty level set U(y; £) is a fuzzy subalgebra of X. 

Proof. Let y be a non-zero ( q , g)-fuzzy subalgebra. Then by Theorem 3.11 we have 



y{x) 



y( 0) if x £ A'o 

0 otherwise 



So it is easy to check that U(y; y( 0)) = A'o- Let x, y £ U(y; £), for £ £ [0, 1]. Then y(x) > £ and 
y(y) >t. If £ = 0, then it is clear that x * y £ U(y;0). Now let £ £ (0, 1], Then x, y £ X 0 and 
so x* y £ X 0 . Hence y(x * y) = y{ 0) > £. Therefore U(y; £) is a subalgebra of A. 

Conversely, since U(y;y( 0)) = A 0 and 0 £ U(y;y( 0)), then A 0 is a subalgebra of A. Also 
U(y, y{ 0)) = A 0 and A 7^ 0 imply that y is non-zero. Now let x £ X 0 . Then y(x) > y(0) and 
y(x) > 0. Since U(y ; y{x)) 7^ 0, so U(y; y{x)) is a subalgebra of A. Then 0 £ U(y; y{x)) imply 
that y( 0) > y{x). Hence y(x) = y{ 0), for all x £ X 0 i.e 



y(x) 



y( 0) if x £ X 0 

0 otherwise 



Therefore by Theorem 3.11 y is a (g,g)-fuzzy subalgebra of A. 

Example 3.13. Let A = {0, 1, 2, 3} be UG-algebra in Example 3.3. Define fuzzy set y on 
A by 

y{ 0) = 0.6, y(l) = y(2) = y(3) = 0.3. 

Then A 0 = A, U(y, /x(0)) = {0} 7^ A 0 and also 

! A if 0 < £ < 0.3 
{0} if 0.3 < £ < 0.6 

0 if £>0.6 

is a subalgebra of A, while by Theorem 3.11, y is not a ( q , q)-fuzzy subalgebra. 

Theorem 3.14. Every ( q , g)-fuzzy subalgebra is an (s, s)-fuzzy subalgebra. 

Proof. The proof follows from Theorem 3.12 and Proposition 3.3. 

Note that in Example 3.13 y is an (£,£)-fuzzy subalgebra, while it is not a (q,q)~ fuzzy 
subalgebra. So the converse of the above theorem is not true in general. 

Theorem 3.15. If y is a non-zero fuzzy set of A. Then there exists subalgebra S of A 
such that y = XS if and only if y is an (a, /3)-fuzzy subalgebra of A, where (a, /3) is one of the 
following forms: 
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(i) (e,g), (ii)(G,GAg), 

(iii) (q, G), (iv)(g,GAg), 

( v ) (G Vg, g), (vi) (G Vg,G Ag), 

(vii) (G Vg, G). 

Proof. Let /x = xs- We show that /x is (G,G Ag)-fuzzy subalgebra. Let x tl G /x and 
x t2 G /x, for £ 1; £ 2 € (0,1]. Then /x(x) > t\ and n(y) > t 2 imply that x,y G S. Thus 
x * y G 5, i.e /x(x * y) = 1. Therefore /x(x * y) > min(£i,£2) and /x(x * y) + min(£i,£2) > 1, 
i.e (x * y) min(ti,t 2 ) ^ Ag/x. Similar to above argument, we can see that /x is an (a,/3)-fuzzy 
subalgebra of X, where (a, (3) is one of the above forms. 

Conversely, we show that /x = Xx 0 - Suppose that there exists x G X 0 such that /x(x) < 1. Let 
a =G, choose £ G (0,1] such that £ < min(l — /x(x), /x(x), /x( 0)). Then x t a/x and 0 t a/x , but 
(x * 0) min p ( \ = Xtj 3/x, where /? = g or (3 =G Ag. Which is a contradiction. If ct = g, then 
xia/x and Oicr/x, while ( x * 0) m i n (i p = x\ (3 /j, where (3 =G or (3 =G Ag, which is a contradiction. 
Now let a =G Vg and choose £ G (0, 1] such that x* G /x but x*g/x. Then xtctfi and Oicr/x but 
(x * 0) min ( t l ) = XfPn for (3 = q or [3 =G Ag, which is a contradiction. Finally we have xi G Vg/x 
and 0i G Vg/x but (x * 0) m i n (! n = xiG/x, which is a contradiction. Therefore /x = Xx 0 - 

Theorem 3.16. Let S' be a subalgebra of X and let /x be a fuzzy set of X such that 

(a) /x(x) = 0 for all x G X\S, 

(b) /x(x) > 0.5 for all x G S. 

Then /x is a (g, G Vg)-fuzzy subalgebra of X. 

Proof. Let x,y G X and t 1: t 2 G (0,1] be such that x tl g/x and x/t 2 g/x. Then we get that 
/x(x) + ti > 1 and /x(y) + £2 > 1- We can conclude that x * y G 5, since in otherwise x G X\S 
or y G X\S and therefore ti > 1 or t 2 > 1 which is a contradiction. If min(£i,£2) > 0.5, then 
/x(x*y)+min(£i,£ 2 ) > 1 and so (x*x/) min p lit2 )g/x. Ifmin(£i,£ 2 ) < 0.5, then ix(x*y) >min(£i,£ 2 ) 
and thus (x * y) m in(ti,t 2 ) e A 4 - Hence (x * x/) min (x 1 ,t 2 ) € Vg/x. 

Theorem 3.17. Let /x be a (g, G Vg)-fuzzy subalgebra of X' such that /x is not constant 
on the set Xo- Then there exists x G X such that /x(x) > 0.5. Moreover, /x(x) > 0.5 for all 
x G Xq. 

Proof. Assume that /x(x) < 0.5 for all x G X. Since /x is not constant on Xo, then 
there exists x G X 0 such that t x = /x(x) 7^ /x(0) = £ 0 . Let £ 0 < £3,. Choose <5 > 0.5 such 
that £0 + 6 < 1 < t x + 5. It follows that x^g/x, /x(x * x) = /x(0) = tg < 5 = min((5, (5) and 
/x(x* x) +min(<5, (5) = /x(0)+5 = £o + <5 < 1. Thus (x * x) m i n (5 j 5)G Vg/x, which is a contradiction. 
Now, if t x < t 0 then we can choose S > 0.5 such that t x + 6 < 1 < £0 + 6. Thus O^g/x and 
Xig/x, but (x * 0) m i n (i i 5) = Xs€ Vg/x, because /x(x) < 0.5 < 5 and /x(x) + S = t x + 5 < 1, which 
is a contradiction. Hence /x(x) > 0.5 for some x G X. Now we show that /x(0) > 0.5. On the 
contrary, assume that /x( 0) = t 0 < 0.5. Since there exists x G X such that /x(x) = t x > 0.5, it 
follows that £0 < t x . Choose t\ > to such that £o + H < 1 < £ x + £i- Then /x(x) + £i = t x + ti > 1, 
and so Xtg/x. Thus we can conclude that 



/x(x * x) + min(£i, £1) = /x(0) + £1 = £q + £1 < 1 



118 



L. Torkzadeh and A. Borumand Saeid 



No. 1 



and 



/ x(x * x) = /x(0) = to < t\ = 



Therefore (x * a:) m in(t 1 ,t 1 )€ Vg/x, which is a contradiction. Thus /x( 0) > 0.5. Finally we prove 
that /x(x) > 0.5 for all x £ A" 0 . On the contrary, let x £ X 0 and t x = y(x) < 0.5. Consider 
0 < t < 0.5 such that t x + t < 0.5. Then y(x) + l=t x + l>l and y(0) + (0.5 + 1) > 1, imply 
that X\ qy and O0.5 +t g/x. But (x * 0) m i n (i iO .5+t) = xo.5+t£ Vg/x, since y(x * 0) = y(x) < 0.5 + t 
and y( x) + 0.5 + 1 = t x + 0.5 + 1 < 0.5 + 0.5 = 1. Which is a contradiction. Therefore y(x) > 0.5 
for all x £ X 0 . 

Theorem 3.18. Let /x be a non-zero fuzzy set of X. Then /x is a (g, £ Vg)-fuzzy subalgebra 
of X if and only if there exists subalgebra 5 of X such that 



m( x ) = 



0 



if x £ S 
otherwise 



Ma ') = 



> 0.5 

0 



if x £ S 
otherwise 



for some a £ (0, 1]. 

Proof. Let /x be a (g, £ Vg)-fuzzy subalgebra of X. If /x is constant on A 0 , then /x(x) = 
/x(0) if x £ X 0 



0 

> 0.5 



otherwise 
if x £ Xn 



. If /x is not constant on Xg, then by Theorem 3.17 we have /x(x) = 



. Conversely, the proof follows from Theorems 3.11, 3.5 and 3.16. 



If /x is not constant on Xg, then by Theorem 3.17, we have /x(x) = 



0 otherwise 

Theorem 3.19. Let /x be a non-zero (g, £ Vg)-fuzzy subalgebra of X. Then the nonempty 
level set U (/x; t) is a subalgebra of X, for all t £ [0,0.5]. 

Proof. If /x is constant on Xo, then by Theorem 3.11, /x is a (g, g)-fuzzy subalgebra. Thus 
by Theorem 3.12 we have the nonempty level set [/(/x;t) is a subalgebra of X, for t £ [0,1]. 

>0.5 if x£X 0 

0 otherwise 

Now we show that the nonempty level set f7(/x; t) is a subalgebra of X for t £ [0, 0.5]. If t = 0, 
then it is clear that L/ (/lx; t) is a subalgebra of X. Now let t £ (0, 0.5] and x, y £ U(/i; t). Then 
/x(x), fj,(y) >t> 0 imply that x, y £ X 0 . Thus x * y £ X 0 and so /x(x * y) > 0.5 > t. Therefore 
x * y £ 

Theorem 3.20. Let /x be a non-zero fuzzy set of X, t/(/x; 0.5) = X 0 and the nonempty 
level set t/(/x; t) is a subalgebra of X, for all t £ [0, 1], Then ji is a (g, £ Vg)-fuzzy subalgebra 
of X. 

Proof. Since y, yf 0 we get that A' 0 7^ 0. Thus by hypothesis we have t/(/x; 0.5) yf 0 and 
so X 0 is a subalgebra of X. Also y(x) > 0.5, for all x £ X 0 and y{x) = 0, if x ^ X 0 . Therefore 
by Theorem 3.16, /x is a (g, £ Vg)-fuzzy subalgebra of X. 

Theorem 3.21. A fuzzy set /x of X is an (£, £ Vg)-fuzzy subalgebra of X if and only if 
y(x*y) > min(/x(x), y(y), 0.5), for all x,y £ X. 

Proof. Let /x be an (£,£ Vg)-fuzzy subalgebra of X and x,y £ X. If /x(x) or y(y) = 0, 
then y(x*y) > min(/x(x), /x(y), 0.5). Now let /x(x) and y{y) 7^ 0. If min(/x(x), /tx(y)) < 0.5, then 
/x(x * y) > min (/x(x), /x(y)). Since, assume that /x(x * y) < min (/x(x), /x(y)), then there exists 
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t > 0 such that y(x * y) < t < min (y{x),y(y)). Thus Xt £ y and J/t £ y but (x * y) m in(t,t) = 
(x*y) t £ Vg/x, since y(x*y) < t and y,(x*y)+t < 1 < 2t < 1, which is a contradiction. Hence if 
min(/x(x), y(y)) < 0.5, then y{x *y)> min(/i(x), y{y))- If min(/r(x), y(y)) > 0.5, then X 0.5 £ /i 
and t/ 0.5 £ y. So we can get that 



(x * J/)min(0.5,0.5) = (x * 2/)o.5 £ Vg/i. 



Then y(x * y) > 0.5. Consequently, /z(x * y) > min(/i(x),/x(y), 0.5), for all x,y £ X. 

Conversely, let x,y £ X and ti,t% £ (0,1] be such that Xt 1 £ y and yt 2 £ y. So y(x) > t\ 
and y(y) > 1 2 . Then by hypothesis we have y(x * y) > min(/r(x), y(y), 0.5) > min(fi, t^, 0.5). 
If min(ti,t 2 ) < 0.5, then y{x * y) > min (y(x), y(y)). If min(ti,t 2 ) > 0.5, then y(x * y) > 0.5. 
Thus y(x *y)+ min(H, t 2 ) > 1- Therefore (x * y) m in ( tl ,t 2 ) £ Vqy. 

Theorem 3.22. Let y be an (£,£ Vg)-fuzzy subalgebra of X. 

(i) If there exists x £ X such that y(x) > 0.5, then y( 0) > 0.5; 

(ii) If y( 0) < 0.5, then y is an (e, £)-fuzzy subalgebra of X. 

Proof, (i) Let y(x) > 0.5. Then by hypothesis we have /r(0) = y(x*x) > min (y(x), y(x), 0.5) 
0.5. 

(ii) Let y{ 0) < 0.5. Then by (i) y(x) < 0.5, for all x £ X. Now let x tl £ y and y t2 £ y, 
for £ (0,1]. Then y(x) > t\ and y(y) > ■ Thus y(x * y) > min(/i(x), y{y), 0.5) > 

min(t 1 , t 2) 0.5) = min(t 1 ,t 2 ). Therefore (x * y) m i„( tl) t 2 ) £ y- 

Lemma 3.23. Let y be a non-zero (£,£ Vg) fuzzy subalgebra of X. Let x,y £ X such 
that y(x) < y{y). Then 



y{x *y) = 



y{x) 
> 0.5 



if y(y) < 0.5 or y(x) < 0.5 < y(y) 
if y{x) > 0.5 



Proof. Let y(y) < 0.5. Then we have y(x * y) > min(/i(x), y(y), 0.5) = y(x). Also 
y(x) = y((x *y)*( 0 * y)) > min {y(x * y),y( 0 * y), 0.5} (1) 

Now we show that y(0*y) > y{y). Since y(y) < 0.5, then y( 0) = y(y*y) > min {y(y), y(y), 0.5} = 
y(y). Thus y(Q * y) > min{/i(0), y(y), 0.5} = y(y). Hence (1) and hypothesis imply that 
y{x) > min {y(x*y), y(y)}. Since y(x) < y(y), then y(x) > y(x*y). Therefore y(x*y) = y{x). 
Now let y{x) < 0.5 < y{y). Then similar to above argument y(x * y) > y(x) and y(x) > 
min {y(x * y),y{ 0 * y),0.5}. Since y(y) > 0.5, then by Theorem 3.22(i), /r(0) > 0.5. Thus 
y( 0 * y) > min{/x(0),/r(f/),0.5} = 0.5. So by hypothesis we get that y(x) > min {y(x * j/), 0.5}. 
Thus y(x) < 0.5 imply that y(x) > y(x * y). Therefore y(x * y) = y(x). Let y(x) > 0.5. Then 
y{x * y) > min(/r(x), y(y), 0.5) = 0.5. 

Theorem 3.24. Let y be an (£,£ Vg)-fuzzy subalgebra of X . Then for all t £ [0,0.5], 
the nonempty level set U (y\ t ) is a subalgebra of X . Conversely, if the nonempty level set y is 
a subalgebra of X , for all t £ [0, 1], then y is an (£, £ Vg)-fuzzy subalgebra of X. 

Proof. Let /t be an (£,£ Vg)-fuzzy subalgebra of X. If t = 0, then U(y; t) is a subalgebra 
of X. Now let U(y;t) ^ 0, 0 < t < 0.5 and x,y £ U(y;t). Then y{x),y{y) > t. Thus by 
hypothesis we have y(x * y) > min(/r(x), y(y), 0.5) > min(t, 0.5) > t. Therefore U(y;t ) is a 
subalgebra of X. 
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Conversely, let x, y £ X. Then we have 

K x )>Ky) > min(/i(x),y(y),0.5) = t 0 . 

Hence x,y £ U(y;t 0 ), for t 0 £ [0,1] and so x* y £ U(y,tf). Therefore y(x * y) > t 0 = 
min(/i(:r), y(y), 0.5), i.e y is an (£,£ Vg)-fuzzy subalgebra of X. 

Theorem 3.25. Let 5 be a subset of X. The characteristic function \S of S is an 
(£, £ Vg)-fuzzy subalgebra of X if and only if S' is a subalgebra of X. 

Proof. Let X$ be an (£, £ Vg)-fuzzy subalgebra of X and x,y £ S. Then xs(^) = 1 = 

Xs(v), and so x ± £ xs and t/i £ Xs- Hence (x*y ) i = (a; * 2/)min(i,i) € Vqxs, which implies that 
Xs( x * y) > 0. Thus x *y £ S. Therefore S is a subalgebra of X. 

Conversely, if S is a subalgebra of X, then \S is an (£,£)-fuzzy subalgebra of X. So by 
Theorem 3.5 we get that y is an (£, £ Vg) -fuzzy subalgebra of X. 

Lemma 3.26. Let / : X — > Y be a BG-homomorphism and G be a fuzzy set of Y with 
membership function y G . Then Xtayf-na) f(x)t.oty G , for all a £ {£, g, £ Vg, £ Ag}. 

Proof. Let a =£. Then 

x t ay f -i(G ) yf-i( G )(x) >i« y G (f(x)) >t^ ( f(x)) t ay G ■ 

The proof of the other cases is similar to above argument. 

Theorem 3.27. Let / : X — > Y be a BG-homomorphism and G be a fuzzy set of Y with 
membership function y G . 

(i) If G is an (a, S)-fuzzy subalgebra of Y, then / -1 (G) is an (a, /3)-fuzzy subalgebra of X, 

(ii) Let / be epimorphism. If / _1 (G) is an (a,/3)-fuzzy subalgebra of X, then G is an 
(a, /?)-fuzzy subalgebra of Y. 

Proof, (i) Let Xtayf-i( G ) and y r ayf- i{G)i for t,r £ (0,1]. Then by Lemma 3.26, we 
get that ( f(x)) t ay G and (f(y)) r ay G . Hence by hypothesis (f(x) * f{y)) m i n (t,r)Py G ■ Then 
(f(x * y))mm(t,r)/3y G and SO (x * y)min(t,r)/3y/-i( G )- 

(ii) Let x,y £ Y. Then by hypothesis there exist x , y £ X such that f(x ) = x and f(y ) = 
y. Assume that xtay G and y r ay G , then (f(x ))t.ay G and (f(y )) r ay G . Thus x t ayf-it G ) and 
y' r ay f -t( G ) and therefore (x * y')min(t,r)0yf-i( G y So 

(f(x' * y)) m .in(t,r)PtJ'G => (f( x ) * f (y' )) min(t,r) P VG => (x * 2/)min(t,r) 

Theorem 3.28. Let f : X —> Y be a BG-homomorphism and H be an (£,£ Vg)-fuzzy 
subalgebra of X with membership function yn- If yn is an /-invariant, then f(H) is an 
(£, £ Vg)-fuzzy subalgebra of Y. 

Proof. Let and y 2 £ Y. If f~ 1 (yi) or f~ 1 (y 2 ) = 0, then y f ( H )(yi *y 2 ) > min(/x /(ff) (y 1 ), /r /(ff) (j/ 2 ), 0.5). 
Now let f~ 1 (yi) and f~ 1 (y- 2 ) ^ 0- Then there exist x\, x^ £ X such that f(x i) = y\ and 
f(x 2 ) = 2 / 2 - Thus by hypothesis we have 

Vf(H)(yi*y 2 )= sup y H (t) 

= sup y H (t) 
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= hh(x\ * x 2 ) since yn is an /-invariant 

> min(/i ff (xi), yu{x 2 ), 0.5) 



= min( sup yn(t), sup 0.5) 

1) te/ _1 ( vi) 

= min(y f{H) (y 1 ), (j/ 2 ) , 0.5). 



So by Theorem 3.21, /(if) is an (G, G Vg)-fuzzy subalgebra of Y. 

Lemma 3.29. Let / : X — > Y be a SG-homomorphism. 

(i) If S' is a subalgebra of X , then f(S) is a subalgebra of Y ; 

(ii) If S' is a subalgebra of Y , then / _1 (S ) is a subalgebra of X. 

Proof. The proof is easy. 

Theorem 3.30. Let / : X — > Y be a .BG-homomorphism . If if is a non-zero (g, g)-fuzzy 
subalgebra of X with membership function yn, then /(if) is a non-zero (g, g)-fuzzy subalgebra 
of Y. 

Proof. Let if be a non-zero (g, q )- fuzzy subalgebra of X. Then by Theorem 3.10, we have 



, ^ I Mff(o) if x g x 0 , , I to(0) if y e /(x 0 ) 

I 0 otherwise I 0 otherwise 

Let y G y. If y G /(X 0 ), then there exist x G X 0 such that /(&) = y. Thus yf( H )(y) = 

sup = /Xff(0). If y ^ /(X 0 ), then it is clear that yf(H)(y) = 0. Since X 0 is subal- 

te/ _1 (2/) 

gebra of X, then /(X 0 ) is a subalgebra of Y\ Therefore by Theorem 3.11, /(if) is a non-zero 
(g, g)-fuzzy subalgebra of X. 

Theorem 3.31. Let / : X — > Y be a BG-homomorphism . If ii is an (a, /3)-fuzzy subal- 
gebra of X with membership function yu, then /(if) is an (a,/3)-fuzzy subalgebra of Y, where 
(a, (3) is one of the following form 



0) fe,g), 

(iii) fee), 

(v) (G Vg, q), 
(vii) (G Vg, G), 



(ii) (G, G Ag), 

(iv) (g, G Ag), 

(vi) (G Vg, G Ag), 
(viii) (g,G Vg). 



Proof. The proof is similar to the proof of Theorem 3.30, by using of Theorems 3.15 and 

3.18. 

Theorem 3.32. Let / : X — * Y be a BG-homomorphism and if be an (G,G)-fuzzy 
subalgebra of X with membership function yn- If yn is an /-invariant, then /(if) is an 
(G, G) -fuzzy subalgebra of Y. 

Proof. Let Zt G yf(H) and y r G yf(H), where t, r G (0,1]. Then y/(H){z) > t and 
y f (H){y) > r. Thus f~ 1 {z),f~ 1 (y) yf 0 imply that there exists X\,x 2 G X such that f(x 1 ) = 2 
and f(x 2 ) = j/. since /r# is an /-invariant, then yj( H )(z) > t and yf(H){y) > r imply that 
yii(x 1 ) > t and yn(x 2 ) > r. So by hypothesis we have 
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Hf(H){z*y)= sup /j, H (t) 

= sup ll H (t) 

= Hh{x\ * X 2 ) 

> min(t, r). 

Therefore (z * y) m in(t,r) G Hf(H)i he f{H) is an (£, £)-fuzzy subalgebra of Y. 

Theorem 3.33. Let {/x, \ i £ A} be a family of (£,£ Vg)-fuzzy subalgebra of X. Then 

M == n Hi is an (£, £ Vg) -fuzzy subalgebra of X. 
ie A 

Proof. By Theorem 3.21 we have, for alii £ A 

Hi(x *y)> mm(Hi(x),Hi(y),0.5). 

Therefore y{x * y) = inf Hi{x * y) > inf min , in(y) , 0-5) 

ie A ie A 

= min (inf m{ x), inf Hi(y), 0.5) 

ie A ie A 



= min(//(x), /x(y), 0.5). 



Therefore by Theorem 3.21, /x is an (£,£ Vg)-fuzzy subalgebra. 

Theorem 3.34. Let {/Xj \ i £ A} be a family of (£,£)-fuzzy subalgebra of X. Then 

H ■.= n Hi is an (£, £)-fuzzy subalgebra of X. 
ie A 

Proof. Let x t £ H and y r £ Hi G (0,1]. Then h{x) > t and /x(y) > r. Thus for all 
* £ A, Hi{ x ) > t and Hi{y) > r imply that /Xj(x * y) > min(f, r). Therefore y{ x * y) > min(t, r) 
i.e (x * y)min(t,r) G y- 

Theorem 3.35. Let | * £ A} be a family of (a, /3)-fuzzy subalgebra of X. Then 
y ■= n Hi is an (a, /3)-fuzzy subalgebra of X, where (a, (3) is one of the following form 
ie A 

(i) (e,<?), (ii) (£,Ag), 

(iii)(g, £), (iv)(g, £Ag), 

(v) (£ Vg, g), (vi) (£ Vg, £ Ag), 

(vii) (£ Vg, £), (viii) (g, £ Vg), 

(ix) (g,g). 

Proof. We prove theorem for (g, g)-fuzzy subalgebra. The proof of the other cases is 
similar, by using Theorems 3.15 and 3.18. 

If there exists i £ A such that Hi = 0, then ji = 0- So /x is a (g, g)-fuzzy subalgebra. Let 



Hi 0 for all i £ A. Then by Theorem 3.10 we have Hi( x ) = 



Mi(0) 

0 



if x £ X* 
otherwise 



, for all 
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M 0) if x e Pi x l 0 

ieA . Since (| Xq is a subalgebra of X, 
0 otherwise ieA 

then by Theorem 3.11 /i is a (<7, g)-fuzzy subalgebra of X. 



i £ A. So it is clear that /i(x) = 
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and the Smarandache power sequence 
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Abstract For any positive integer n, let SP(n) denotes the Smarandache power sequence. 
And for any Smarandache sequence a(n), the Smarandache totient function St(n) is defined 

as where <fi(n) is the Euler totient function. The main purpose of this paper is 

Si 

using the elementary and analytic method to study the convergence of the function — , where 

02 

V 

1 , and give an interesting limit Theorem. 

Keywords Smarandache power function, Smarandache totient function, convergence. 




§1. Introduction and results 



For any positive integer n, the Smarandache power function SP(n) is defined as the smallest 
positive integer m such that n \ m m , where m and n have the same prime divisors. That is, 



SP(n) = min < m : n\ m m , m £ N , = Jd ? 5 

I p\n p\m 

For example, the first few values of SP(n) are: SP( 1) = 1, SP( 2) = 2, SP( 3) = 3, SP( 4) = 2, 
SP( 5) = 5, SP( 6) = 6, SP( 7) = 7, SP( 8) = 4, SP( 9) = 3, S'P(IO) = 10, SP(ll) = 11, 
SP( 12) = 6, SP( 13) = 13, S'P(14) = 14, SP(15) = 15, •••. In reference [1], Professor 
F. Smarandache asked us to study the properties of S'P(n). It is clear that SP(n) is not a 
multiplicative function. For example, SP( 8) = 4, SP( 3) = 3, SP(24) = 6 ^ SP( 3) x SP( 8). 
But for most n, we have S'P(n) = where Jd denotes the product over all different prime 

p\n p\n 

divisors of n. If n = p a , k-p k + l<a<(k + 1 )p k+1 , then we have SP(n) = p k+1 , where 
0 < k < a — 1. Let n = p^p^ 2 ■ ■ 'Pr r i f° r all on (i = 1, 2, ••• , r), if < pi, then 
SP(n ) = f]p 

p\n 

About other properties of the function S'P(n), many authors had studied it, and gave some 
interesting conclusions. For example, in reference [4], Zhefeng Xu had studied the mean value 
properties of S'P(n), and obtained a sharper asymptotic formula: 




E 5p ( n ) 

n<.x 




l 

p{p + 1) 
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where e denotes any fixed positive number, and denotes the product over all primes. 



On the other hand, similar to the famous Euler totient function ip(n), Professor F. Russo 
defined a new arithmetical function called the Smarandache totient function St(n) = tp(a(n)), 
where a(n) is any Smarandache sequence. Then he asked us to study the properties of these 
functions. At the same time, he proposed the following: 

g 

Conjecture. For the Smarandache power sequence SP(k ), — converges to zero as 

n ^oc. where S, = g(^) ,S2=(g^y) . 

In this paper, we shall use the elementary and analytic methods to study this problem, 
and prove that the conjecture is correct. That is, we shall prove the following: 



Theorem. For the Smarandache power function S'P(fc), we have lim — = 0, where 

n — >oo 



s i = 



fri \<p(SP{k)) 



, s 2 = 



^¥>(SP(fc)) y 



§2. Some lemmas 



To complete the proof of the theorem, we need the following two simple Lemmas: 
Lemma 1. For any given real number e > 0, there exists a positive integer N(e), such 

C • 71 

that for all n > N(e), we have <p(n) > (1 — e) i — , where c is a constant. 

In In n 

Proof. See reference [5] . 

Lemma 2. For the Euler totient fuction <p(n), we have the asymptotic formula 

1 



E 

fc<n 



<p(k) C(6) 






where A = 7 ^ 






/r 2 (n) Inn 



t — 1 mp(n) ' rup(n) 

1=1 V 7 n = 1 r \ / 

Proof. See reference [6] . 



is a constant. 



§3. Proof of the theorem 



In this section, we shall prove our Theorem. 

We separate all integer k in the interval [1, n] into two subsets A and B as follows: A : the 
set of all square-free integers. B : the set of other positive integers k such that k £ [l,n]\A So 
we have 

1 ^ 1 ^1 



E 



= E 



k<n MSP ( k ))) 2 (^( 5p ( fc ))) 2 (^ 5p (* 0 )) 2 ' 



+ E 



From the definition of the subset A, we may get 

1 w- 1 



E 

keA 



(<p(SP(k))) 



|2 =E 



keA k 2 TT 1 - 



1 



^E 






=1 k 2 TT 1 - 



< 1. 
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k u 2 (A:) 

By Lemma 1, we can easily get = O(lnlnfc). Note that > — — — = 0(1). And if 

(p(h) 



k<r, 



k £ B, then we can write k as k = l ■ m, where l is a square-free integer and to is a square- full 
integer. Let S denote - f — t OT}/1 ,^ 2 , then from the properties of SP(k) and (p(k) we have 



k£B 



(<p(SP(kW 



*<E 



= E^E 

m<n l—m 

p\m 






p\m p\lm 



V 



m 2 (0 i 2 



( 



l 2 <p 2 (lm) 



= O 



\ 



(In Inn) 2 



1 



V 



m<n 1 1 P 

p\m J 



Let U(k) = TTp, then y^ E — = y^ EE, where to is a square- full integer and the 

11 IB 2 feE (/c) 



pifc 



p|r 



arithmetical function a(k) is defined as follows: 



a(k) 



1, if A: is a square-full integer; 
0, otherwise. 



a(k) 

Note that is a multiplicative function. According to the Euler product formula (see 

U 2 {k) 

reference [3] and [5]), we have 



Ms) = £ 



k = 1 



a(k) 

U 2 {k)k s 



n 1 



p 2 +s (p s — i) J 



From the Perron formulas [5] , for b = 1 + , T > 1, we have 

In n 



E 

k<n 



r b+iT 



EA = — / A( s )-d s + o 

U 2 [k) 2t ti J b _ iT s 



n b m 

T 



„ , . , In n 

+ (J \ n mm 1 , — - 



a(n) 

2U 2 (n) 



Taking T = n, we can get the estimate 



O 



n b m 

T 



+ O nmin ( 1, 



Inn 

T 



a(n) 

2 U 2 {n) 



= 0(ln?r). 



7l S 1 

Because the function A(s) — is analytic in Re s > 0, taking c = , then we have 

s Inn 



1 

27T2 



f b+iT n s 

/ A(s)—ds + 

Ib—iT s 



f b ~ iT n s 

I A(s)—ds + 

c—iT $ 



r c + iT n s 

/ A{s)—ds + 

'b+iT s 



rc—iT 



/ A(s) — ds = 0. 

c+iT s / 



Note that 
rb n° X 



r +iT n s 

A(s) — ds = O 

c—iT s 



dy 



I —T \j c 2 + y 2 



= O(lnn) and 



rb-iT s 

A(s)—ds = 

c—iT & 



r b+iT 



° ( / ~¥ da ) = ° ( W )• Similar1 ^ / Ms) T ds = O ( — ). Hence, ^ 



' c+iT 



In i 



k<n 



a(k) 

U 2 (k) 



O(lnn). 
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So 



Mspmr- 



0(lnn • (In Inn) 2 ). 



(1) 



Now we come to estimate V'' — — — — , from the definition of SP(n), we may immediately 

ttn ^ SP ( k )) 

get that SP(n) < n. Let n = p^p^ 2 ■ ■ -p^‘ denotes the factorization of n into prime powers, 
then SP(n) = p^p^ 2 • • -p%‘, where /3i > 1. Therefore, we can get that pf 1_1 (pi — I)p 2 2 ~ 1 (p 2 — 
1) • • ■p^‘- 1 (p a - 1) < Pi 1_1 (Pi ^ 1 )P 2 2_1 (P 2 - 1) • • •p“ s_1 (p s - 1), thus <p(pf-p£ 2 • • -pf a ) < 
‘PIpT P 2' 2 ‘ ' ’Ps a )- That is, ip(SP(n )) < <^(n), according to Lemma 2, we can easily get 



y - 

<p(sp(k)) 






k<r 



tp(k) 



C(2)C(3) 

C(6) 



In n + A + O 




(2) 



Combining (1) and (2), we obtain 
2 



E 



0 < 



1 



\v(SP(k)) 



< 



O (inn • (In Inn) 2 



E 

Kk=l 



1 



<p(SP(k)) 



\~ {*wr'"' +A+0 ' bn "‘ 



0, as n — > oo. 



This completes the proof of our Theorem. 
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A new additive function and 
the F. Smarandache function 
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Xianyang, Shaanxi, P.R. China 

Abstract For any positive integer n, we define the arithmetical function F(n) as F( 1) = 0. 

If n > 1 and n = p^p^ 2 • • • p^ k be the prime power factorization of n, then F(n) = aipi + 
a 2 P 2 + • • ■ + OfcPfc. Let S(n) be the Smarandache function. The main purpose of this paper 
is using the elementary method and the prime distribution theory to study the mean value 
properties of ( F(n ) — S(n)) 2 , and give a sharper asymptotic formula for it. 

Keywords Additive function, Smarandache function, Mean square value, Elementary method, 
Asymptotic formula. 



§1. Introduction and result 

Let f(n) be an arithmetical function, we call f(n) as an additive function, if for any positive 
integers m, n with (m, n) = 1, we have f(mn) = f{m) + f(n). We call f(n) as a complete 
additive function, if for any positive integers r and s, f{rs) = f(r) + f(s). In elementary 
number theory, there are many arithmetical functions satisfying the additive properties. For 
example, if n — pf'pf 2 • • -pff denotes the prime power factorization of n, then function f l(n) = 
ai + CK 2 + • • • + crfc and logarithmic function f(n) = Inn are two complete additive functions, 
ui(n) = k is an additive function, but not a complete additive function. About the properties 
of the additive functions, one can find them in references [1], [2] and [5]. 

In this paper, we define a new additive function F(n ) as follows: U(l) = 0; If n > 1 and n = 
p^p^ 2 • • denotes the prime power factorization of n, then F(n) = a±p\ + a 2 P 2 + - • - + otkPk- 
It is clear that this function is a complete additive function. In fact if m = p^p^ 2 ■ • ■ p^ k 
and n = p^p^ 2 • ••p% k , then we have mn = Pi 1+ ^ 1 p^ 2+ 152 ■■■ p^ k+ 13,1 ■ Therefore, F(mn) = 
(cti + (3\)pi + («2 + 02)P2 + • • • + (ctfc + /3k)pk = F(m ) + F(n). So F(n) is a complete additive 
function. Now we let S(n .) be the Smarandache function. That is, S(n) denotes the smallest 
positive integer m such that n divide m!, or S{n) = min {m : n \ m!}. About the properties 
of S(n), many authors had studied it, and obtained a series results, see references [7], [8] and 
[9]. The main purpose of this paper is using the elementary method and the prime distribution 
theory to study the mean value properties of ( F(n ) — S(n)) 2 , and give a sharper asymptotic 
formula for it. That is, we shall prove the following: 

Theorem. Let N be any fixed positive integer. Then for any real number x > 1, we 
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have the asymptotic formula 

^(F(n)-S(n )) 2 = £ 



N 



n<x 



Ci ' rr+r h 0 

In T x 



x 

N+2 '/— I ’ 



where c, (i = 1, 2, • • ■ , IV) are computable constants, and c\ = 2 g-. 



§2. Proof of the theorem 

In this section, we use the elementary method and the prime distribution theory to complete 
the proof of the theorem. We using the idea in reference [4]. First we define four sets A, B , 
C, D as follows: A = {n, n £ N, n has only one prime divisor p such that p \ n and p 2 j n, 
p > ni}; B = {?r, n £ N, n has only one prime divisor p such that p 2 \ n and p > ?r 3 }; 
C = {n, n £ N, n has two deferent prime divisors p\ and P 2 such that P 1 P 2 \ n, P 2 > Pi> nA }; 
D = {n, n £ N, any prime divisor p of n satisfying p < ni}, where N denotes the set of all 
positive integers. It is clear that from the definitions of A, B , C and D we have 



£ (F(n) - S(n )) 2 = ^(fW-SWf+^tFW-Sfn )) 2 

n<rc n<x n<x 

n£A n£B 

+ J 2 (F(n) - S(n )) 2 + E ( F ( n ) - S W ) 2 

n<.x n<x 

n£C n£D 

= W1 + W2 + W3 + w 4 . 



(i) 



Now we estimate Wi, W 2 , W 3 and W 4 in (1) respectively. Note that F(n) is a complete 
additive function, and if n £ A with n = pk, then S(n) = S(p) = p, and any prime divisor q of 
k satisfying q < ns, so F(k) < ni Inn. From the Prime Theorem (See Chapter 3, Theorem 2 
of [3]) we know that 



r (*) = E 1 = E ( 

p<x i—1 



In* x 



O 



In 



fe+i 



(2) 



where Cj (i = 1, 2, • • • , k) are computable constants, and C\ = 1. By these we have the 
estimate: 

Wi = (F(n) ~ S(n )) 2 = £ (F(pk) - pf 

n<x pk<x 

n£A (pfe)GA 

= E p2 ( k )^ E E (pk)^n 2 (pk) < (\nxf E E 

pk<x k<^/x k<p< | k<y/x k<p<% 

( pk)eA 



X 
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If n £ B, then n = p 2 k , and note that S(n) = S(p 2 ) = 2 p, we have the estimate 
W 2 = ]T (F(n) - S(n)f = ]T (F(p 2 k)-2p ) 2 

n<x p 2 k<x 

n£B p>k 

= E E F 2 m « E E 

k<x 3 Ki5 k<p<y / 1 

, 2 i A 

E k ■ X? X3 

— < ; ■ 

1 k 2 In a; hi a: 

k<x3 

If n £ £), then .F(n) < ns Inn and 5(n) < ns Inn, so we have 

W 4 = ^ (F(n) — S'(n )) 2 < ^ n^ In 2 n <C l n 2 



( 4 ) 



( 5 ) 



n<~x 

n£D 



n<x 



Finally, we estimate main term W 3 . Note that n £ C, n = pip 2 k, p 2 > p\ > ns > k. If 
k < pi < ns, then in this case, the estimate is exact same as in the estimate of W\. If 
k < pi < p -2 < ns, in this case, the estimate is exact same as in the estimate of W 4 . So by (2) 
we have 

W 3 = Y (F(n) - S(n )) 2 = ^ (F{pip 2 k) - p 2 ) 2 + O ( x s In 2 x^j 



n<*x 

n€C 



piP2k<x 
P 2 >Pi >k 



Z Z Z ( p2 ( k ) + 2 Pl F{k) +p\) + O (x* ln 2 z) 

k<x 3 k<pi<-y/fr2 ?2 — Pifc 



Z Z Z pi + 0 Z Z Z k F ] + ° ( xl ln2 *) 

Kx3 ^<Pi<'y/f Pl<P2 -pffc \fc<:z3 fc<Pi<-y/f Pl<P2 -^Tfc 



AT 



- Z Z A z- 



o 



k<x 3 fe<Pl< 



\pik ln ^" 1 " 1 x 



O 



(x 3 In 2 x^J 



- Z Z pi Z 1 + 0 Z Z _ Z • 

fc<a;3 fc<Pl<-y/§ P2<Pl \fc<a;3 fe<Pl<-v/f Pl<P2 -f?^ / 

Note that £(2) = from the Abel’s identity (See Theorem 4.2 of [ 6 ]) and (2) we have 



( 6 ) 



Z Z p?Zi=Z z 

k<x 3 k<p i<-y/|T P—Pi k<x 3 



' AT 

z 



Cj - Pi 0 / Pi 
In pi 



ln A,+ 1 p 1 



N 



= zz z 



i=l , , 1 



Kx3 fc<Pi<v/f 



Ci- Pi 

\n pi 



o z z 



p? 



t fc<ai3 fc<Pi<V f 



1 AT+1 

In pi 



AT 



E tli 



a ; 2 / 2 N ■ x 2 

\n l+T x + (W^x 



( 7 ) 
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where di (i = 1, 2, • • • , TV) are computable constants, and d\ = + . 



E E E 



pi 



« E 



3 5 

X 2 £3 

< 



, L ^ x , H Pi k In x ^ \/khi 2 x In 2 x 

fc<sS fc <Pi<\/f P 1< P 2 -p 1 k k<X 3 Pl<-\/f fc<CC 3 



(8) 



E x -> J?iX X -X X 2 X 2 

j kln N+1 x \ k 2 ln N+2 x \n N+2 x 

k<x3 k<p i<y| fc<tc 3 

From the Abel’s identity and (2) we also have the estimate 



(9) 



xpi 



^ ^ ^pi/cln^ E fc E in^ 

fe<a:3fe<Pi<VT P k<xi k< Pl <y/J p 



= E b 



N n 

x z 



l 2 + 1 

ln x 



o 



1 JV +1 

In : 



(10) 



where 6* (i = 1, 2, • • • , TV) are computable constants, and b\ = +. 

Now combining (1), (3), (4), (5), (6), (7), (8)and(9) we may immediately deduce the 
asymptotic formula: 



N 



E ~ = E a ’ 



n<a 



2 — 1 



In 



x 2 0 / a: 2 



z+l , 



ln^"*" 2 y/x 



where ai (i = 1, 2, • • • , TV) are computable constants, and a\ = b\ — d\ = + . 
This completes the proof of Theorem. 
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